A CLASSIFYING LOCALIC CATEGORY FOR LOCALLY
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ABSTRACT. For an internal category C in a cartesian category C we define,
naturally in objects X of C, Princ(X). This is a category whose objects are
principal ¢C-bundles over X and whose morphisms are principal ¢(CT)-bundles.
Here ¢(-) denotes taking the core groupoid of a category (same objects but
only isomorphisms as morphisms) and CT is the arrow category of C (objects
are morphisms, morphisms are commuting squares). We show that X —
Princ(X) is a stack of categories and call stacks of this sort lax-geometric.
We then provide two sufficient conditions for a stack to be lax-geometric and
use them to prove that the pseudo-functor X — LKgy(x) on the category of
locales Loc is a lax-geometric stack. Here LK g5 (x) is the category of locally
compact locales in the topos of sheaves over X, Sh(X). Therefore there exists
a localic category Cgg such that LK gp(x) =~ Princg 4 (X) naturally for every
locale X.
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1. INTRODUCTION

Some recent work ([HT23a] and [HT23b]) has shown that there is a localic
groupoid that classifies compact Hausdorff locales. That is, there is a localic
groupoid Ggg such that for any locale X, the category of compact Hausdorff locales
over Sh(X) is equivalent to a category of principal Ggg-bundles over X. This re-
sult was offered as a compact Hausdorff dual to the existence of a classifying localic
groupoid for discrete locales, something that is effectively well known by applying
[JT84] to the object classifier and recalling [B90] (which shows that the topos of
G-equivariant sheaves, B(G), classifies principal G-bundles).

Now recall Blass’ theorem ([B89]) which states that an elementary topos S has
a natural numbers object (i.e. satisfies the Axiom of Infinity) if and only if it has
an object classifier. Blass’ theorem can be restated for our context: there is a
natural numbers object in S iff Locg, i.e. locales in S, has a classifying groupoid
for discrete objects. A question to consider then is whether the existence of Ggg
is somehow a compact Hausdorff dual to the ordinary Axiom of Infinity? Perhaps
we should try and understand it in the context of axiomatic approaches to locale
theory (e.g. [T24])? This may or may not lead to anything, but clearly it would be
nicer to have a single axiom rather than two order dual ones.

In this paper we meet that challenge and prove as our main result (Theorem
8.1) that there exists a classifying localic category for the stack of locally compact
locales. The classes of compact Hausdorff and discrete locales are both locally
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compact, and it is easy to see from the main result that they too have classifying
localic categories.

To prove our main result the key technical hurdle we need to overcome is that
morphisms between principal bundles are always isomorphisms. So if we are hoping
to classify stacks of categories as principal bundles, we are going to have change
the usual definition of morphism. For both the case of discrete locales and the case
of compact Hausdorff locales this hurdle can be overcome by replacing morphism
with S-homotopy, where S is the Sierpnski locale (see [HT23b]). But the order on
the Sierpnski locale is reversed between the two cases, so we cannot expect this
approach to extend to locally compact locales (and indeed Corollary 4.3 of [T25]
rules this out). Section 3 below proposes a way to overcome this hurdle for locally
compact locales, using a technique that has been explored in algebraic geometry;
see c¢-stacks in [D20]. This change in definition is available because we choose to
generalise the underlying data from a localic groupoid, G, to a localic category, C.
The objects are still principal bundles, but now of the core of C, and the morphisms
are certain natural transformations which are, up to isomorphism, principal bundles
on the core of the arrow category of C (see also [M90] where, similarly, generality
at the level of objects is ignored, but used for morphisms). The analysis works
relative to any cartesian category and we offer a simple characterization of what we
are calling lax-geometric stacks; this is the first key proposition below (Proposition
5.2).

The remainder of the work needed for the main result is very similar to [HT23b],
but now with locally compact locales rather than compact Hausdorff locales. We
first check that locally compact locales descend and so form a stack; this appears
to be a new result for locale theory, but is quite straightforward. The next step is
to use an information system type representation for continuous frames (i.e. for the
frames of opens of locally compact locales). These are geometric theories, so stable
under inverse images, and every continuous frame arises as the rounded ideals of an
information system. Putting these observations together, the main result is then
really just a repetition of [HT23b] (which itself is effectively a repetition of known
techniques).

2. TECHNICAL BACKGROUND

2.1. Principal bundles. We will be investigating principal bundles internal to a
cartesian (i.e. finitely complete) category C. If G is a groupoid internal to C then a
G-object P = (x : P — Gy, a : G Xg, P —— P) is a principal G-bundle over
X (sayviap: P — X)if (a,m2) : G1 Xg, P — P xx P is an isomorphism and
p is an effective descent morphisms (i.e. pullback p* : C/X —— C/P is monadic).
In other words, the usual definition, but with effective descent in place of open
surjection. It can be verified that even in this general context principal G-bundles
define cocycles and vice versa; we write ) : P —— G for a cocycle corresponding
to P. This " is an internal functor, so its data is a pair (¥, 2p : P — Gj); i.e.
we will tend not to notate its action on objects. Also IP is the groupoid 71,79 : P X x
P —% P which we may write P, if we need to emphasise which map back to X is
relevant (our general convention is to use Xy as notation for a f : X — Y when
viewed as an object of C/Y). This well known correspondence between cocycles
and principal bundles extends to morphisms: for any two principal bundles Py, P,
there is a natural bijection between principal bundle morphisms Py —— P; and
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natural transformations Y20 —— ¢t (where m; : Pg xx Py — Py, i = 1,2;
these are internal functors). Natural transformations between functors to groupoids
are necessarily isomorphisms so this bijection provides a way of establishing the well
known fact that all morphisms between principal bundles are isomorphisms.

The correspondence between cocycles and principal bundles can be be functorial
in the sense that for any internal functor F : H —— G and any principal H-bundle
P over X, we can define a principal G-bundle over X as the principal bundle
corresponding to the cocycle Fi)”’. We write this principal as Yp(P).

Note also that by pullback stability properties of effective descent morphisms,
any internal functor Py xx Py — G is necessarily a cocycle (i.e. its domain is of
the form PP, for some effective descent morphism p : P —— X).

For any internal category C of C, a cocycle on its core (written ¢C) is equally an
internal functor P —— C because any such functor must factor through through
the core of C. If we are looking at a cocycle to a core of an internal category we
will always assume that the codomain is C; i.e. principal bundles P for the core cC
give rise to cocycles P —— C and vice versa.

2.2. Stacks. A stack on C is a pseudo-functor M : C°? —— €T such that for any

effective descent morphism f : Y —— X, M(X) is equivalent, via the canonical

functor, to Des(M, f). Here Des(M, f) is the category whose objects are pairs
A

(A,64) where A is an object of M(Y) and M (m1)(A) 5, M (m3)(A) is descent
data for A; the morphisms of Des(M, f) are morphisms of M(Y') commuting with
the fs in the obvious manner. This is the usual definition of stack when covers
consist of a single morphism that is an effective descent morphism; see Definition
B1.5.1 of [J02] for background and the preamble to Proposition B1.5.5 for the case
where covers consist of only a single morphism.

Example 2.1. The pseudo-functor X — C/X (with f : X ——Y mapped to
the pullback functor f* : C/Y —— C/X ) is a stack. This is just by definition of
effective descent. We write this stack € : CP —— CAX.

Example 2.2. For any groupoid G internal to C, the pseudo-functor X — Pring(X)
is a stack.

Definition 2.3. A pseudo-functor M : C°P —— €AX is a geometric stack if
M(X) ~ Pring(X) naturally in objects X.

Proposition 2.4. A stack M : C°? —— CAT of groupoids is geometric if and only
if the following two conditions hold:

(i) There exists an object C' in M(Gg) for some object Gog of C, such that for
any other object A of M(X) there exists a cover py : P4 —— X, a morphism
x4 1 P4 — Go and an isomorphism M (pa)(A) = M(x4)(Go).

(#i) There exists an object G1 and a bijection

natural in X.

Proof. This is just a restating of a well known characterisation of geometric stacks
(where (ii) is more usually stated as saying that the diagonal of M is representable).
For example, see Proposition 70 of [M03]. A proof can also effectively be taken from
Proposition 4.2 of [HT23b]. The groupoid structure comes from naturality of (ii);
also by naturality of (ii) we know that the mate of any k : X —— G; must be
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of the form (dok,6,d1k) where dy,d; are the domain and codomain maps of the
groupoid. ([l

The final background result on stacks that we need is:

Proposition 2.5. If M : C°? —— €AT is a stack then the pseudo-functor M :
CP —— EAT defined by MT(X) = [2, M(X)] is also a stack.

Proof. This is easy to check ‘by hand’ and well known, e.g. Corollary 2.9 of [BP79]
(take D = 2 therein). O

3. MORPHISMS BETWEEN PRINCIPAL BUNDLES

A problem with principal bundles is that all morphisms between them are iso-
morphisms. So if we are hoping to use principal bundles to represent stacks of cat-
egories rather just stacks of groupoids we are stuck. In this paper we are proposing
a way round the problem by defining a category of principal bundles relative to any
internal category. We then ignore the generality (from groupoids to categories) at
the level of objects but use it to define morphisms. The idea is encapsulated in the
following definition:

Definition 3.1. For an internal category C in a cartesian category C, define for
each object X of C, the data Princ(X) by:

Objects. The objects are principal cC-bundles over X.

Morphisms. If Py and Py are two principal cC-bundles over X, then a mor-
phism from Py to Py is an internal natural transformation 1/171:{) — 1/171:21, where
i Pg xx Py —— P;_1, i = 1,2. (Recall our convention that ¥ : P —— C, so
these morphisms are not all isomorphisms.)

I must thank David Roberts for providing me with this definition of morphism?!
which also appears as Exercise 5.6 of [R12]. Defining morphisms as certain natural
transformations makes it easy to define composition in Princ(X): the identity on

P is ¢T, and we can compose wf:f LN 1/),1:21 followed by wf:ll A, 1/171:22 by pulling
back to Py xx Py Xx P> to obtain a natural transformation v : 20 —— 2
by composing g with «y (so m; : Py xx Py Xx Py —— P;_1 and y(po,p1,p2) =
a1(p1,p2)ao(po, p1)). But by naturality v(po,p1,p2) = v(po,p,p2) for any pair
p1,py of P, so that v must factor through a morphism Py x x Py — C; which
defines the composition of oy and «a; in Pring(X). (Note that we are using ‘sets
with elements’ notation, but this is just shorthand for the relevant diagrams in C.)
So Princ(X) is a category; naturality in X of all these constructions is straight-
forward.

However, we must of course make good the claim in the abstract and introduction
that the morphisms of Pring(X) are principal bundles over the core of the arrow
category:

Proposition 3.2. For any pair of principal cC-bundles Py and Py, morphisms
Py —— Py of Princ(X) are, up to isomorphism, triples (fo, P, 1) where P is a
principal ¢cCT-bundle and By : Py — Yp, P and 1 : Sp, P —— Py are principal
bundle morphisms (isomorphisms). (Here Do, Dy : ¢cC' — c¢C are the internal

1And the reader should thank David too, as without this insight proofs about Princ(X)
become much longer!
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functors determined by the domain and codomain morphisms of C; we use cCT for
the core of the arrow category of C).

Proof. Given a natural transformation « : dsz — 1/}7}:21 define a cocycle (¢V°, x,) :
Py xx Py — C by z4(po, p1) = a(po, p1) and with ¢* given by commuting
P (po, o)

~

a(po,p1) a(po, ph)

(a2

VP (p1,ph)

for any pair of pairs (pg, p1), (Ph, Py) in Pox x Py. This cocycle determines a principal
bundle P® for cC'. Because Dg)® factors through 47 via m; : Py xx P; — Py,
the cocycles Do1® and 1™ both determined the same principal bundle up to
isomorphism; this is because we know that m; : Py xx P —— Py is a pull-
back stable regular epimorphism as Pj —— X is of effective descent. Therefore

there is a natural isomorphism S§ : Py 5 Do P and similarly there exists
Be:Sp, PY =+ P,

In the other direction say we are given P a principal bundle for the core of the
arrow category, equipped with 5y and 31 as in the statement of the proposition. As
bundle morphisms correspond to natural transformations, the data for §y is a map
Py xx P —— (7 and similarly for ;. So we can define a natural transformation
v Pyxx Pxx Pr — C1 by v(po,p,p1) = B1(p, p1)zp(p)Bo(po, p); but, similarly
to how we just checked that composition in Princ(X) is well defined, we have
v(po,p, 1) = ¥(Po, P, p1) for any pair p,p’ of P. So the cocycle corresponding to P
factors through Py X x P; and so defines a morphism of Princ(X). It is routine to
verify that these two constructions are inverse to each other up to isomorphism. [

Using the correspondence between maps of principal bundles and natural trans-
formations between cocycles it is then clear that:

Proposition 3.3. Given an internal category C in a cartesian category C,
Pring(X) ~ ¢(Princ(X))
naturally in objects X of C.
In other words we haven’t introduced or lost any of the usual morphisms (iso-
morphisms) between principal bundles.
4. Princ(-) IS A STACK

Proposition 4.1. For any internal category C of a cartesian category C the pseudo-
functor

cr — AT
X — Pring(X)

is a stack.
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Proof. As recalled in §2.2 X — Prin.c(X) is a stack; it is a stack of groupoids
and we have just shown Prin.(X) ~ cPrinc(X). So given an effective descent
morphism f:Y —— X of C we know that the canonical map

f* i ePring(X) — Des(cPrinc(Y), f)

is an equivalence. Because descent data is always an isomorphism we also know
that Des(cPrinc(Y), f) ~ cDes(Princ(Y), f). So we know that the core of the
canonical map f* : Princ(X) — Des(Princ(Y), f) is an equivalence from which
it is clear that f* is essentially surjective. To prove that f* is full and faithful we
must show for any two principal bundles Py and P; that f* induces a bijection of
homsets

Pring(X)(Py, P1) = Des(Princ(Y), f)(f*Py, f*P1)

But X — Prin.ct(X) is a stack and so Prin.ct(X) ~ Des(Prin.ct(Y), f) which
provides the bijection to cocycles of ¢CT. This completes the proof as we have just
established in Prop. 3.2 that cocycles of ¢C' are, up to isomorphism, the same
thing as natural transformations 2> — ¢ O

5. LAX-GEOMETRIC STACKS

Definition 5.1. A pseudo-functor M : C°? —— €AT is a lax-geometric stack if
it is naturally equivalent to Pring() for some category C internal to C.

Note that by Proposition 4.1 any lax-geometric stack is a stack, so the choice of
wording in the definition is appropriate. We use Cj; for the internal category of a
lax-geometric stack M and may also talk of Cj; ‘representing’ the stack. But it is
important to understand that we are not saying that this ‘representing’ category
is unique (even up to Morita equivalence, as it is not a groupoid). We hope to
understand the correct notion of Morita equivalence for internal categories in later
work.

Proposition 5.2. A pseudo-functor M : C°P? —— €A is a lax-geometric stack
if and only if it is a stack and;

(i) There exists an object C in M(Cy) for some object Cy of C such that for
any other object A of M(X), there exists a cover py : Y —— X, a morphism
qa Y — Gy and an isomorphism M(pa)(A) = M(qa)(Co).

(#i) There exists an object Cy and a bijection

C(X,C1) ={(f,0,9)|f,9: X — Go,0: M(f)(C) — M(g)(C)}
natural in X.
To ease the proof we isolate some of the reasoning needed as a lemma:

Lemma 5.3. If a pseudo-functor M : C°? —— CAT satisfies (i) and (ii) then so
too does M' : CP —— €AT.

Proof. Firstly (i) and (ii) are sufficient to make Cy, Cp into the object of morphisms
and the object of objects respectively of an internal category C. This is clear by
following the same reasoning deployed in the proof of Proposition 2.4. From that
analysis we recall that by naturality of (ii) the mate of any k : X —— C is always
of the form (dok, 0%, d k) with

M (k)(IdY
W:M%M%MWM@)(MQ)

M(k)M(dy) = M(d: k)
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where Id}! is obtain via (ii) as the mate of the identity map Id¢, : C; — Ci.
Also if k, k' : X —— C} are such that dik = dok then the mate of kk' = m(k, k')
is
o o~
M(dok)(C) ~2+ M(dik)(C) = M(dok')(C) 2 M(d:K')(C).
In other words 0% 9% = 9*'%.

So let us assume (i) and (ii) for M and we initially focus on proving (i) for
M. For this take Id} : M(dy)(C) — M(d1)(C) which is an object of MT(Cy).
Then for any morphism v : A —— B of M(X) we must find an effective descent
morphism ¢, : @ —— X and a morphism z, : @ —— C; together with an
isomorphisms: M7(g,)(A — B) = M (z,)(Id¥ ). By (i) applied to M we can
find effective descent morphisms g4 : Y4 — X and ¢p : Y —— X, morphisms
x4 : Yy — Cpand zp : Ygp — Cj and isomorphisms M (ga)(A) = M(x4)(C)
and M(qp)(B) = M(zp)(C). Let @Q by the pullback of g4 along gp and define
¢v to be the composition gam (= gpm2). Define f = Q v, A O, g =

Q =+ Yz —=2» Cy. By applying (i) to M we can then find z, : X —— C} as
the mate of

M(f)(C) — M(gy)(A) 292 ai(g,)(B) = M(g)(C)

and we have M1 (q,)(A — B) = M7 (z,)(Id¥) by construction. This verifies (i)
for MT.

For (ii), say k : X — (CT)q; s0 k = (k' k% kL k™) : X —— C1 x¢, C1 X¢
C1 X¢, C1 where for any = of X we have

K (@)

- —_— .

kl(x) k™ (z)

k(@)
commuting. But then (k', 6%, k") is its required mate, where 0% : M (k") (Id ) —
is given by the pair #* and 6+". That 6* is indeed a morphism of M T(X) follows
from our earlier observation that for arbitrary composing k, k’, oK'k = K’ gk O

Proof. (Of Proposition 5.2)

Firstly say (i) and (ii) are satisfied. As in the proof of the lemma we can define
a category C whose object of objects is Cy and whose of object of morphisms is Cf.
Then by considering the core of C we clearly have

C(X,cCr) ={(f,0,9)f,9: X — Go,0: M(f)(C) — M(g)(C), 0 iso.}

naturally in X. We can combine this with (i) and apply Proposition 2.4 to conclude
that ¢M : C? —— CAT is geometric. So we know that the objects of M(X) are
principal ¢C-bundles and to complete one direction of the proof we have to focus
on the morphisms.

However we have proved in the lemma that M7 satisfies (i) and (ii) and we
have seen that the category we get is C'. So by again restricting to the core (this
time of CT) we see that the objects of MT(X) are, up to isomorphism, principal

MK (1d})
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cC’-bundles over X. But the objects of MT(X) are morphisms of M (X) and so
M(X) ~ Pring(X).

In the other direction, say M (X) ~ Princ(X). Then (i) follows by Proposi-
tion 2.4 as it is, effectively, only about objects. Condition (ii) requires a natural
bijection between morphisms X —— C; and triples (f, 8, g) where 6 is a natural
transformation 7 °C —— 2 <€ and f,g : X —% Cp. Such a natural transfor-
mation is given by a morphism f*cCy X x g*cCy —— C1; as the principal bundles
f*cC and g*cC are trivial its clear that any such natural transformation is uniquely
determined by a map X — C}.

(I

6. LocALLY COMPACT LOCALES FORM A STACK

The purpose of this section is to prove that the pseudo-functor that assigns to
each locale X the category of locally compact locales over X is a stack. We shall
do this by first proving that exponentiability descends for any cartesian category C
and then applying to the case C = Loc.

Recall that for any morphism f : X —— Y of a cartesian category C, pull-
back f* : C/Y —— C/X preserves any exponentials that exist in C/Y; i.e.
f*(AB) = f*AT" B This is because the pullback adjunction Xy 4 f* satisfies
Frobenius reciprocity. The result we need to prove that locally compact locales
form a stack goes in the other direction: exponentiability descends. In fact this is
true quite generally:

Proposition 6.1. Let C be a cartesian category, S an object of C and f : X — Y
a morphism of C that is of effective descent. For any object Z,; over Y, if the

exponential S;C;(Zg) exists in C/X then Sgg exists in C/Y .

Proof. f*Z, comes equipped with decent data 6 : 7} f*Z, =, T f*Zg. So if
Sg(z” exists, it can also be equipped with decent data: Sg(_l. So, S)f;(ZQ) must be
of the form f*E,. for some object FE. over Y. Proving that F. must be 55", as we
would expect, requires the observation that exponentials in Des(€, f) are created

in C/X; this is routine. U

To proceed we now of course need to focus on the category Loc of locales; it
is cartesian and will play the role of C in the above analysis. The stack £O¢€ :
Loc” —— €AT given by X + Loc/X is equivalent to X + Locgy(x) ([JT84];
or Parts C1 and C2 [J02]). Under this isomorphism the Sierpiriski locale relative to
Sh(X) corresponds to Sy (i.e. the projection S x X — X). A locale X is locally
compact if its frame of opens is continuous (Ch. VII [J82]). By Hyland’s result
(e.g. Ch. VII, Th. 4.11 of [J82]) we know that a locale Z is locally compact iff
the exponential SZ exists. Hyland’s result is constructive so it holds relative to any
Sh(X). Therefore because pullback preserves exponentiability we know that £O¢
restricts to a pseudo-functor £8&, where £R(X) is the full subcategory of locally
compact locales in Sh(X). But we have also just shown that exponentiability
descends and have therefore proved:

Proposition 6.2. The pseudo-functor £& : Loc®? —— €AX defined by X
LKy (x) is a stack.
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7. CONSTRUCTING ANY LOCALLY COMPACT LOCALE FROM A DISTRIBUTIVE
INFORMATION SYSTEM

In this section we introduce distributive information systems. We then firstly
prove that every continuous frame is the poset of rounded ideals of some distributive
information system. Distributive information systems are the models of a geometric
theory and in the second part of this section we show that the formation of rounded
ideals is stable under pullback (i.e. along the inverse image of any geometric mor-
phism). Both of these facts are needed in the proof of our main theorem.

7.1. Distributive information systems. We now use information system ([V93])
type results to present every continuous frame O(X) as the rounded ideals of an
information system. Note that this description is related to the development given
in [K17]; in particular we are using the notion of strength from that paper in (ii)
of the definition of distributive information systems to follow.

We use 'y’ to denote relational composition. For example a subset <C P x P,
i.e. a relation on a set P, is a partial order if and only if <;<=<, A C< and
A =< N >. We can similarly isolate whether a subset I of P is an ideal using
relational composition (recall that being an ideal means lower closed and directed).

Definition 7.1. A distributive information system (DIS) is a pair (D, <) with D
a distributive lattice and <C D x D a relation interacting with the partial order <
of D such that: <C<, <;<==<, <==<;< and

(i) I a = {b|b < a} is an ideal for all a € D.

(i) Ya,b,c € D, a <bVe = T, ¢ witha<b Vv, b <b, andd <ec.

Distributive information systems are the models of a geometric theory, so a
category DIS is defined. The morphisms are <-preserving lattice homomorphisms.

Example 7.2. The frame of opens OX with the way below relation < is a dis-
tributive information system for any locally compact locale X .

Given a distributive information system (D, <) we can define R-idl(D) the col-
lection of rounded ideals; that is ideals I such that a € I implies 3b € [ with
a<b.

Proposition 7.3. R —idl(D) is a continuous frame (i.e. the frame of opens of a
locally compact locale) for any distributive information system (D, <).

Proof. Directed join is union. Bottom is {0}. For binary join: IV J =] {i V j|i €
1,5 € J}; to see that this is rounded if k¥ < iV j with ¢ € I and j € J then
there exists i’ € I and j/ € J with ¢ < ¢’ and j < j' - but then k¥ < ¢’V 5/ and
i'viel{ivyjliel,je J}

Top is |} 1 = {ala < 1}. For binary meets: ITAJ = {i Ajli € I,j € J}. Tt is
clearly rounded as < is idempotent with respect to relational composition; to see
that it is an ideal recall that (iq1 Aj1)V (i2 Aja) < (i1 Viz) A (41 Vj2) by distributivity
of D.

Proving that binary meets distribute over directed joins is straightforward from
the definition just given of binary meet as directed join is given by union. So to
show the R —idl(D) is a frame we need to check that it is a distributive lattice. To
prove this we check that TA(JVK) C(IAJ)V(IAK). To thisend say k <iAa
witha <jvkwithiel,jeJandk e K. Thenk <iA(GVEk)=(GANG)V([ENE)
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so therefore by condition (iii) in the definition of distributive information system
there exists a’, b’ such that k <a' V¥, a" <iAj. Hence ke IANJ)V (I AK).

To see, finally, that R — idl(D) is a continuous poset it is easy to see I = UT{iL
ilt € I'} for any rounded ideal I and further that |} i < I. O

Proposition 7.4. OX = R — idl(0OX, <) for any locally compact locale X

Proof. Using the definition of rounded, I ={ \/T I for any rounded ideal I. Further
a= \/T{b|b < a} for any open a of a locally compact locale (by definition of locally

compact locale). Therefore a —J a and I — \/T establishes the isomorphism.
|

So, every continuous frame comes from an object of DIS. The construction can
be carried out relative to any topos &, so that any locally compact locale X over
any topos £ has as its opens the rounded ideals of some object of DIS¢.

7.2. Change of base for distributive information systems.

Proposition 7.5. If f : F —— £ is a geometric morphism between elementary
toposes then for any distributive information system (D, <) in €, R-idlz(f*D) =
f#R-idlg (D).

In other words if a locally compact locale X in £ has as opens the rounded ideals
of (D, <), then the pullback of X to F,i.e. f*X, has as its opens the rounded ideals
of f*(D, <). To prove the proposition we need to recall that locale pullback f*X can
be calculated using Ox(f*X) = f#Og(X) where f# : dcpog — dcpoy is left
adjoint to f, : dcpor — dcpog (here depo is the category of directed complete
partial orders with directed join preserving maps). See the preamble to Lemma
(2.4.1 [J02] for the construction of f# relative to suplattices which generalises to
dcpos (see the first few sections of [T04]).

Proof. Relational composition with < determines an idempotent dcpo homomor-
phism <;(-) : idl(D) —— idl(D) on the ideals of D. Idempotents split in dcpo
and splittings are preserved by all functors, in particular f# : dcpog, — dcpo -
Rounded ideals are exactly the elements of the splitting of <;(_), so to complete
all we need to do is to prove that f#(=<;(_)) is equal to f*(<);(.) up to isomor-
phism. This can be seen using the account of change of base given in Section 6 of
[T04]. (This property of f# is also effectively an observation needed in Joyal and
Tierney’s original account of localic change of base via suplattices (Ch. VI, Prop.
1 of [JT84]) and, further, is explained in the paragraph before Lemma C2.4.1 in
[J02].) |

8. A CLASSIFY LOCALIC CATEGORY FOR LOCALLY COMPACT LOCALES
We can now state and prove our main result.
Theorem 8.1. The pseudo-functor £R : Loc®” — AT defined by
X — LK gp(x)

is a lax-geometric stack.
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Proof. Section 6 shows that we have a stack. We therefore just need to check (i)
and (ii) of Proposition 5.2. The technique is now quite well known (e.g. we are
really just repeating the proof of the main result of [HT23b]).

For (i) let I : Sh(Gy) — Set[DIS] be a localic cover of the classifying topos for
distributive information systems. We can assume that [ is an open surjection (e.g.
Theorem C5.2.1 of [J02]). Let Cpx be the locally compact locale corresponding
to the rounded ideals of I*(Gprs,<prs) where (Gprs,<prs) is the generic dis-
tributive information system. So, Ogp(q,)Crx = R-IdlspG,)(*(Gprs, <pr1s))-
Then for any locally compact locale A in Sh(X), (Ogpx)A, <oya) is a dis-
tributive information system in Sh(X) and so is classified by a geometric mor-
phism ps : Sh(X) — Set[DIS]. The pullback (in the category of bounded
toposes) of [ along p4 is localic and an open surjection so must be of the form
q : Sh(Y4) — Sh(X) where the locale map ¢ is an open surjection (and so of
effective descent in Loc; Prop. C5.1.4 of [J02] - recall open surjections are pull-
back stable, Th. C3.1.27 of [J02]). The following pullback diagram of geometric
morphisms

Sh(Ya) —— Sh(Go)

q l

Sh(X) L4 Set[DIS]

clarifies which map is g. We can then use the following to complete our verification
of condition (i) of Proposition 5.2:

Osnva)@A = q%Ogpix)(A)

=~ ¢#Reidlgx)(Ox(A), <oy a)
~  ¢# Ridlsnx)pa(Gpis, <pis)
= R-idlgpv,)q"Pa(Gprs, <pr1s)

1%

R-idlSh(yA)x*l* (GDIS7 '<DIS)
x#R—idlsh(Go)l*(Gms, <DpIs)

1% Osn(co)CLi

1

Osn(yva)*" Cri.

For (ii) observe that as the locale Crk is locally compact so is 7 Cprx where
m; : Go X Gy — Gq for i = 1,2. But locally compact locales are exponentiable.
Define C; to be the domain of (75CLx)™ 2% where the exponentiation is in the
category of locales over Gy x Gp; i.e., equivalently, in Loc/Gy x Gy. O

9. CONCLUDING REMARKS

The ‘big idea’ here is that the existence of a classifying category for locally
compact objects is, from the perspective of axiomatic locale theory (e.g. [T24]),
the correct notion of infinity. The train of thought is as follows: the existence of a
classifying groupoid for discrete locales is equivalent to the Axiom of Infinity (Blass’
Theorem), but from the perspective of axiomatic locale theory we want something
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that is symmetric under discrete/compact Hausdorff duality 2. So why not take the
existence of Cag as our ‘localic axiom of infinity’?

This is tempting, but for the observation to have depth we must establish some
properties of Ceg. In the discrete case we are able to make new geometric theories
from old by exploiting the existence of 2-limits in the 2-category of bounded toposes
over some base topos S. For example, establishing the Axiom of Infinity from an as-
sumption of the existence of a classifying localic groupoid, requires constructions on
stacks of geometric theories. (In detail, from the object classifier one needs to con-
struct a classifying topos for successor algebras; see the account of Blass’ Theorem
given in B4.2.11 [J02].) Now, in this ‘discrete’ topos case all the classifying localic
groupoids can be assumed to be open and so have well-behaved connected compo-
nent adjunctions; i.e. the ‘trivial G-object’ functor G* : Locs — [G, Locg] has a
left adjoint such that the corresponding adjunction is stably Frobenius. The point
of making this technical observation is that it is this property that is the key to car-
rying out 2-categorical constructions without relying on the finitary 2-completeness
of toposes bounded over S. In fact, quite generally, for any cartesian category C,
the category of geometric stacks on C is finitely 2-complete once we restrict to in-
ternal groupoids G that have well-behaved connected component adjunctions. (For
background on this see [Pr96] and Corollary 7.4 of [NO6]; the paper [T17] essentially
covers the general statement just made.) Unfortunately I have not been able to
establish whether cCeg has a connected components adjunction. Putting this line
of thought another way: is cCgg, in some sense, ‘bounded’ over Loc so that we can
mimic the topos theoretic approach of constructing geometric theories from a base
theory of objects? I expect that Ceg is well behaved, but this needs more careful
technical examination. For now we must just make do with our main result: we
can classify locally compact locales.
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