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Abstract. For an internal category C in a cartesian category C we define,
naturally in objects X of C, PrinC(X). This is a category whose objects are

principal cC-bundles overX and whose morphisms are principal c(C↑)-bundles.
Here c( ) denotes taking the core groupoid of a category (same objects but
only isomorphisms as morphisms) and C↑ is the arrow category of C (objects

are morphisms, morphisms are commuting squares). We show that X 7→
PrinC(X) is a stack of categories and call stacks of this sort lax-geometric.
We then provide two sufficient conditions for a stack to be lax-geometric and

use them to prove that the pseudo-functor X 7→ LKSh(X) on the category of

locales Loc is a lax-geometric stack. Here LKSh(X) is the category of locally

compact locales in the topos of sheaves over X, Sh(X). Therefore there exists
a localic category CLK such that LKSh(X) ≃ PrinCLK

(X) naturally for every

locale X.
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1. Introduction

Some recent work ([HT23a] and [HT23b]) has shown that there is a localic
groupoid that classifies compact Hausdorff locales. That is, there is a localic
groupoid GKH such that for any locale X, the category of compact Hausdorff locales
over Sh(X) is equivalent to a category of principal GKH-bundles over X. This re-
sult was offered as a compact Hausdorff dual to the existence of a classifying localic
groupoid for discrete locales, something that is effectively well known by applying
[JT84] to the object classifier and recalling [B90] (which shows that the topos of
G-equivariant sheaves, B(G), classifies principal G-bundles).

Now recall Blass’ theorem ([B89]) which states that an elementary topos S has
a natural numbers object (i.e. satisfies the Axiom of Infinity) if and only if it has
an object classifier. Blass’ theorem can be restated for our context: there is a
natural numbers object in S iff LocS , i.e. locales in S, has a classifying groupoid
for discrete objects. A question to consider then is whether the existence of GKH

is somehow a compact Hausdorff dual to the ordinary Axiom of Infinity? Perhaps
we should try and understand it in the context of axiomatic approaches to locale
theory (e.g. [T24])? This may or may not lead to anything, but clearly it would be
nicer to have a single axiom rather than two order dual ones.

In this paper we meet that challenge and prove as our main result (Theorem
8.1) that there exists a classifying localic category for the stack of locally compact
locales. The classes of compact Hausdorff and discrete locales are both locally
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compact, and it is easy to see from the main result that they too have classifying
localic categories.

To prove our main result the key technical hurdle we need to overcome is that
morphisms between principal bundles are always isomorphisms. So if we are hoping
to classify stacks of categories as principal bundles, we are going to have change
the usual definition of morphism. For both the case of discrete locales and the case
of compact Hausdorff locales this hurdle can be overcome by replacing morphism
with S-homotopy, where S is the Sierpński locale (see [HT23b]). But the order on
the Sierpński locale is reversed between the two cases, so we cannot expect this
approach to extend to locally compact locales (and indeed Corollary 4.3 of [T25]
rules this out). Section 3 below proposes a way to overcome this hurdle for locally
compact locales, using a technique that has been explored in algebraic geometry;
see c-stacks in [D20]. This change in definition is available because we choose to
generalise the underlying data from a localic groupoid, G, to a localic category, C.
The objects are still principal bundles, but now of the core of C, and the morphisms
are certain natural transformations which are, up to isomorphism, principal bundles
on the core of the arrow category of C (see also [M90] where, similarly, generality
at the level of objects is ignored, but used for morphisms). The analysis works
relative to any cartesian category and we offer a simple characterization of what we
are calling lax-geometric stacks; this is the first key proposition below (Proposition
5.2).

The remainder of the work needed for the main result is very similar to [HT23b],
but now with locally compact locales rather than compact Hausdorff locales. We
first check that locally compact locales descend and so form a stack; this appears
to be a new result for locale theory, but is quite straightforward. The next step is
to use an information system type representation for continuous frames (i.e. for the
frames of opens of locally compact locales). These are geometric theories, so stable
under inverse images, and every continuous frame arises as the rounded ideals of an
information system. Putting these observations together, the main result is then
really just a repetition of [HT23b] (which itself is effectively a repetition of known
techniques).

2. Technical background

2.1. Principal bundles. We will be investigating principal bundles internal to a
cartesian (i.e. finitely complete) category C. If G is a groupoid internal to C then a
G-object P = (x : P - G0, α : G1 ×G0

P - P ) is a principal G-bundle over
X (say via p : P - X) if (α, π2) : G1×G0

P - P ×X P is an isomorphism and
p is an effective descent morphisms (i.e. pullback p∗ : C/X - C/P is monadic).
In other words, the usual definition, but with effective descent in place of open
surjection. It can be verified that even in this general context principal G-bundles
define cocycles and vice versa; we write ψP : P - G for a cocycle corresponding
to P . This ψP is an internal functor, so its data is a pair (ψP , xP : P - G0); i.e.
we will tend not to notate its action on objects. Also P is the groupoid π1, π2 : P×X

P
-
- P which we may write Pp if we need to emphasise which map back to X is

relevant (our general convention is to use Xf as notation for a f : X - Y when
viewed as an object of C/Y ). This well known correspondence between cocycles
and principal bundles extends to morphisms: for any two principal bundles P0, P1,
there is a natural bijection between principal bundle morphisms P0

- P1 and
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natural transformations ψP0
π1

- ψP1
π2

(where πi : P0 ×X P1
- Pi−1, i = 1, 2;

these are internal functors). Natural transformations between functors to groupoids
are necessarily isomorphisms so this bijection provides a way of establishing the well
known fact that all morphisms between principal bundles are isomorphisms.

The correspondence between cocycles and principal bundles can be be functorial
in the sense that for any internal functor F : H - G and any principal H-bundle
P over X, we can define a principal G-bundle over X as the principal bundle
corresponding to the cocycle FψP . We write this principal as ΣF(P ).

Note also that by pullback stability properties of effective descent morphisms,
any internal functor P0 ×X P1

- G is necessarily a cocycle (i.e. its domain is of
the form Pp for some effective descent morphism p : P - X).

For any internal category C of C, a cocycle on its core (written cC) is equally an
internal functor P - C because any such functor must factor through through
the core of C. If we are looking at a cocycle to a core of an internal category we
will always assume that the codomain is C; i.e. principal bundles P for the core cC
give rise to cocycles P - C and vice versa.

2.2. Stacks. A stack on C is a pseudo-functorM : Cop - CAT such that for any
effective descent morphism f : Y - X, M(X) is equivalent, via the canonical
functor, to Des(M,f). Here Des(M,f) is the category whose objects are pairs

(A, θA) where A is an object of M(Y ) and M(π1)(A)
θA

- M(π2)(A) is descent
data for A; the morphisms of Des(M,f) are morphisms of M(Y ) commuting with
the θs in the obvious manner. This is the usual definition of stack when covers
consist of a single morphism that is an effective descent morphism; see Definition
B1.5.1 of [J02] for background and the preamble to Proposition B1.5.5 for the case
where covers consist of only a single morphism.

Example 2.1. The pseudo-functor X 7→ C/X (with f : X - Y mapped to
the pullback functor f∗ : C/Y - C/X) is a stack. This is just by definition of
effective descent. We write this stack C : Cop - CAT.

Example 2.2. For any groupoid G internal to C, the pseudo-functor X 7→ PrinG(X)
is a stack.

Definition 2.3. A pseudo-functor M : Cop - CAT is a geometric stack if
M(X) ≃ PrinG(X) naturally in objects X.

Proposition 2.4. A stack M : Cop - CAT of groupoids is geometric if and only
if the following two conditions hold:

(i) There exists an object C in M(G0) for some object G0 of C, such that for
any other object A of M(X) there exists a cover pA : PA

- X, a morphism
xA : PA

- G0 and an isomorphism M(pA)(A) ∼=M(xA)(G0).
(ii) There exists an object G1 and a bijection

C(X,G1) ∼= {(f, θ, g)|f, g : X - G0, θ :M(f)(C) - M(g)(C)}
natural in X.

Proof. This is just a restating of a well known characterisation of geometric stacks
(where (ii) is more usually stated as saying that the diagonal ofM is representable).
For example, see Proposition 70 of [M03]. A proof can also effectively be taken from
Proposition 4.2 of [HT23b]. The groupoid structure comes from naturality of (ii);
also by naturality of (ii) we know that the mate of any k : X - G1 must be
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of the form (d0k, θ, d1k) where d0, d1 are the domain and codomain maps of the
groupoid. □

The final background result on stacks that we need is:

Proposition 2.5. If M : Cop - CAT is a stack then the pseudo-functor M↑ :
Cop - CAT defined by M↑(X) = [2,M(X)] is also a stack.

Proof. This is easy to check ‘by hand’ and well known, e.g. Corollary 2.9 of [BP79]
(take D = 2 therein). □

3. Morphisms between Principal Bundles

A problem with principal bundles is that all morphisms between them are iso-
morphisms. So if we are hoping to use principal bundles to represent stacks of cat-
egories rather just stacks of groupoids we are stuck. In this paper we are proposing
a way round the problem by defining a category of principal bundles relative to any
internal category. We then ignore the generality (from groupoids to categories) at
the level of objects but use it to define morphisms. The idea is encapsulated in the
following definition:

Definition 3.1. For an internal category C in a cartesian category C, define for
each object X of C, the data PrinC(X) by:

Objects. The objects are principal cC-bundles over X.
Morphisms. If P0 and P1 are two principal cC-bundles over X, then a mor-

phism from P0 to P1 is an internal natural transformation ψP0
π1

- ψP1
π2
, where

πi : P0 ×X P1
- Pi−1, i = 1, 2. (Recall our convention that ψP : P - C, so

these morphisms are not all isomorphisms.)

I must thank David Roberts for providing me with this definition of morphism1

which also appears as Exercise 5.6 of [R12]. Defining morphisms as certain natural
transformations makes it easy to define composition in PrinC(X): the identity on

P is ψP , and we can compose ψP0
π1

α0- ψP1
π2

followed by ψP1
π1

α1- ψP2
π2

by pulling

back to P0 ×X P1 ×X P2 to obtain a natural transformation γ : ψP0
π1

- ψP1
π3

by composing α0 with α1 (so πi : P0 ×X P1 ×X P2
- Pi−1 and γ(p0, p1, p2) =

α1(p1, p2)α0(p0, p1)). But by naturality γ(p0, p1, p2) = γ(p0, p
′
1, p2) for any pair

p1, p
′
1 of P1, so that γ must factor through a morphism P0 ×X P2

- C1 which
defines the composition of α0 and α1 in PrinC(X). (Note that we are using ‘sets
with elements’ notation, but this is just shorthand for the relevant diagrams in C.)
So PrinC(X) is a category; naturality in X of all these constructions is straight-
forward.

However, we must of course make good the claim in the abstract and introduction
that the morphisms of PrinC(X) are principal bundles over the core of the arrow
category:

Proposition 3.2. For any pair of principal cC-bundles P0 and P1, morphisms
P0

- P1 of PrinC(X) are, up to isomorphism, triples (β0, P, β1) where P is a
principal cC↑-bundle and β0 : P0

- ΣD0P and β1 : ΣD1P - P1 are principal
bundle morphisms (isomorphisms). (Here D0, D1 : cC↑ -- cC are the internal

1And the reader should thank David too, as without this insight proofs about PrinC(X)
become much longer!
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functors determined by the domain and codomain morphisms of C; we use cC↑ for
the core of the arrow category of C).

Proof. Given a natural transformation α : ψP0
π1

- ψP1
π2

define a cocycle (ψα, xα) :

P0 ×X P1
- C↑ by xα(p0, p1) = α(p0, p1) and with ψα given by commuting

·
ψP0(p0, p

′
0)

∼=
- ·

·

α(p0, p1)

? ∼=
ψP1(p1, p

′
1)

- ·

α(p′0, p
′
1)

?

for any pair of pairs (p0, p1), (p
′
0, p

′
1) in P0×XP1. This cocycle determines a principal

bundle Pα for cC↑. Because D0ψ
α factors through ψP0 via π1 : P0 ×X P1

- P0,
the cocycles D0ψ

α and ψP0 both determined the same principal bundle up to
isomorphism; this is because we know that π1 : P0 ×X P1

- P0 is a pull-
back stable regular epimorphism as P1

- X is of effective descent. Therefore

there is a natural isomorphism βα
0 : P0

∼=- ΣD0P
α and similarly there exists

βα
1 : ΣD1

Pα
∼=- P1.

In the other direction say we are given P a principal bundle for the core of the
arrow category, equipped with β0 and β1 as in the statement of the proposition. As
bundle morphisms correspond to natural transformations, the data for β0 is a map
P0 ×X P - C1 and similarly for β1. So we can define a natural transformation
γ : P0 ×X P ×X P1

- C1 by γ(p0, p, p1) = β1(p, p1)xP (p)β0(p0, p); but, similarly
to how we just checked that composition in PrinC(X) is well defined, we have
γ(p0, p, p1) = γ(p0, p

′, p1) for any pair p, p′ of P . So the cocycle corresponding to P
factors through P0 ×X P1 and so defines a morphism of PrinC(X). It is routine to
verify that these two constructions are inverse to each other up to isomorphism. □

Using the correspondence between maps of principal bundles and natural trans-
formations between cocycles it is then clear that:

Proposition 3.3. Given an internal category C in a cartesian category C,

PrincC(X) ≃ c(PrinC(X))

naturally in objects X of C.

In other words we haven’t introduced or lost any of the usual morphisms (iso-
morphisms) between principal bundles.

4. PrinC( ) is a stack

Proposition 4.1. For any internal category C of a cartesian category C the pseudo-
functor

Cop - CAT

X 7→ PrinC(X)

is a stack.
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Proof. As recalled in §2.2 X 7→ PrincC(X) is a stack; it is a stack of groupoids
and we have just shown PrincC(X) ≃ cPrinC(X). So given an effective descent
morphism f : Y - X of C we know that the canonical map

f∗ : cPrinC(X) - Des(cPrinC(Y ), f)

is an equivalence. Because descent data is always an isomorphism we also know
that Des(cPrinC(Y ), f) ≃ cDes(PrinC(Y ), f). So we know that the core of the
canonical map f∗ : PrinC(X) - Des(PrinC(Y ), f) is an equivalence from which
it is clear that f∗ is essentially surjective. To prove that f∗ is full and faithful we
must show for any two principal bundles P0 and P1 that f∗ induces a bijection of
homsets

PrinC(X)(P0, P1) ∼= Des(PrinC(Y ), f)(f∗P0, f
∗P1)

But X 7→ PrincC↑(X) is a stack and so PrincC↑(X) ≃ Des(PrincC↑(Y ), f) which
provides the bijection to cocycles of cC↑. This completes the proof as we have just
established in Prop. 3.2 that cocycles of cC↑ are, up to isomorphism, the same
thing as natural transformations ψP0

π1
- ψP1

π2
. □

5. Lax-geometric stacks

Definition 5.1. A pseudo-functor M : Cop - CAT is a lax-geometric stack if
it is naturally equivalent to PrinC( ) for some category C internal to C.

Note that by Proposition 4.1 any lax-geometric stack is a stack, so the choice of
wording in the definition is appropriate. We use CM for the internal category of a
lax-geometric stack M and may also talk of CM ‘representing’ the stack. But it is
important to understand that we are not saying that this ‘representing’ category
is unique (even up to Morita equivalence, as it is not a groupoid). We hope to
understand the correct notion of Morita equivalence for internal categories in later
work.

Proposition 5.2. A pseudo-functor M : Cop - CAT is a lax-geometric stack
if and only if it is a stack and;

(i) There exists an object C in M(C0) for some object C0 of C such that for
any other object A of M(X), there exists a cover pA : Y - X, a morphism
qA : Y - G0 and an isomorphism M(pA)(A) ∼=M(qA)(C0).

(ii) There exists an object C1 and a bijection

C(X,C1) ∼= {(f, θ, g)|f, g : X - G0, θ :M(f)(C) - M(g)(C)}
natural in X.

To ease the proof we isolate some of the reasoning needed as a lemma:

Lemma 5.3. If a pseudo-functor M : Cop - CAT satisfies (i) and (ii) then so
too does M↑ : Cop - CAT.

Proof. Firstly (i) and (ii) are sufficient to make C1, C0 into the object of morphisms
and the object of objects respectively of an internal category C. This is clear by
following the same reasoning deployed in the proof of Proposition 2.4. From that
analysis we recall that by naturality of (ii) the mate of any k : X - C1 is always
of the form (d0k, θ

k, d1k) with

θk =M(d0k) ∼=M(k)M(d1)
M(k)(IdM

C1
)

- M(k)M(d1) ∼=M(d1k)
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where IdMC1
is obtain via (ii) as the mate of the identity map IdC1 : C1

- C1.
Also if k, k′ : X - C1 are such that d1k = d0k then the mate of kk′ = m(k, k′)
is

M(d0k)(C)
θk

- M(d1k)(C) =M(d0k
′)(C)

θk′

- M(d1k
′)(C).

In other words θk
′
θk = θk

′k.
So let us assume (i) and (ii) for M and we initially focus on proving (i) for

M↑. For this take IdMC1
:M(d0)(C) - M(d1)(C) which is an object of M↑(C1).

Then for any morphism v : A - B of M(X) we must find an effective descent
morphism qv : Q - X and a morphism xv : Q - C1 together with an

isomorphisms: M↑(qv)(A
v- B) ∼= M↑(xv)(Id

M
C1

). By (i) applied to M we can
find effective descent morphisms qA : YA - X and qB : YB - X, morphisms
xA : YA - C0 and xB : YB - C0 and isomorphisms M(qA)(A) ∼= M(xA)(C)
and M(qB)(B) ∼= M(xB)(C). Let Q by the pullback of qA along qB and define

qv to be the composition qAπ1 (= qBπ2). Define f = Q
π1- YA

xA- C0, g =

Q
π2- YB

xB- C0. By applying (ii) to M we can then find xv : X - C1 as
the mate of

M(f)(C)
∼=- M(qv)(A)

M(qv)(v)- M(qv)(B) ∼=M(g)(C)

and we have M↑(qv)(A
v- B) ∼=M↑(xv)(Id

M
C1

) by construction. This verifies (i)

for M↑.
For (ii), say k : X - (C↑)1; so k = (kt, kb, kl, kr) : X - C1 ×C0 C1 ×C0

C1 ×C0
C1 where for any x of X we have

·
kt(x) - ·

·

kl(x)

?

kb(x)
- ·

kr(x)

?

commuting. But then (kl, θk, kr) is its required mate, where θk :M↑(kl)(IdMC1
) - M↑(kl)(IdMC1

)

is given by the pair θk
t

and θk
b

. That θk is indeed a morphism of M↑(X) follows

from our earlier observation that for arbitrary composing k, k′, θk
′k = θk

′
θk. □

Proof. (Of Proposition 5.2)
Firstly say (i) and (ii) are satisfied. As in the proof of the lemma we can define

a category C whose object of objects is C0 and whose of object of morphisms is C1.
Then by considering the core of C we clearly have

C(X, cC1) ∼= {(f, θ, g)|f, g : X - G0, θ :M(f)(C) - M(g)(C), θ iso.}
naturally in X. We can combine this with (i) and apply Proposition 2.4 to conclude
that cM : Cop - CAT is geometric. So we know that the objects of M(X) are
principal cC-bundles and to complete one direction of the proof we have to focus
on the morphisms.

However we have proved in the lemma that M↑ satisfies (i) and (ii) and we
have seen that the category we get is C↑. So by again restricting to the core (this
time of C↑) we see that the objects of M↑(X) are, up to isomorphism, principal
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cC↑-bundles over X. But the objects of M↑(X) are morphisms of M(X) and so
M(X) ≃ PrinC(X).

In the other direction, say M(X) ≃ PrinC(X). Then (i) follows by Proposi-
tion 2.4 as it is, effectively, only about objects. Condition (ii) requires a natural
bijection between morphisms X - C1 and triples (f, θ, g) where θ is a natural
transformation ψf∗cC

π1
- ψg∗cC

π2
and f, g : X -- C0. Such a natural transfor-

mation is given by a morphism f∗cC1 ×X g∗cC1
- C1; as the principal bundles

f∗cC and g∗cC are trivial its clear that any such natural transformation is uniquely
determined by a map X - C1.

□

6. Locally Compact Locales form a Stack

The purpose of this section is to prove that the pseudo-functor that assigns to
each locale X the category of locally compact locales over X is a stack. We shall
do this by first proving that exponentiability descends for any cartesian category C
and then applying to the case C = Loc.

Recall that for any morphism f : X - Y of a cartesian category C, pull-
back f∗ : C/Y - C/X preserves any exponentials that exist in C/Y ; i.e.
f∗(AB) ∼= f∗Af∗B . This is because the pullback adjunction Σf ⊣ f∗ satisfies
Frobenius reciprocity. The result we need to prove that locally compact locales
form a stack goes in the other direction: exponentiability descends. In fact this is
true quite generally:

Proposition 6.1. Let C be a cartesian category, S an object of C and f : X - Y
a morphism of C that is of effective descent. For any object Zg over Y , if the

exponential S
f∗(Zg)
X exists in C/X then S

Zg

Y exists in C/Y .

Proof. f∗Zg comes equipped with decent data θ : π∗
1f

∗Zg

∼=- π∗
2f

∗Zg. So if

S
f∗(Zg)
X exists, it can also be equipped with decent data: Sθ−1

X . So, S
f∗(Zg)
X must be

of the form f∗Ee for some object Ee over Y . Proving that Ee must be S
Zg

Y , as we
would expect, requires the observation that exponentials in Des(C, f) are created
in C/X; this is routine. □

To proceed we now of course need to focus on the category Loc of locales; it
is cartesian and will play the role of C in the above analysis. The stack LOC :
Locop - CAT given by X 7→ Loc/X is equivalent to X 7→ LocSh(X) ([JT84];
or Parts C1 and C2 [J02]). Under this isomorphism the Sierpiński locale relative to
Sh(X) corresponds to SX (i.e. the projection S×X - X). A locale X is locally
compact if its frame of opens is continuous (Ch. VII [J82]). By Hyland’s result
(e.g. Ch. VII, Th. 4.11 of [J82]) we know that a locale Z is locally compact iff
the exponential SZ exists. Hyland’s result is constructive so it holds relative to any
Sh(X). Therefore because pullback preserves exponentiability we know that LOC
restricts to a pseudo-functor LK, where LK(X) is the full subcategory of locally
compact locales in Sh(X). But we have also just shown that exponentiability
descends and have therefore proved:

Proposition 6.2. The pseudo-functor LK : Locop - CAT defined by X 7→
LKSh(X) is a stack.
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7. Constructing any locally compact locale from a distributive
information system

In this section we introduce distributive information systems. We then firstly
prove that every continuous frame is the poset of rounded ideals of some distributive
information system. Distributive information systems are the models of a geometric
theory and in the second part of this section we show that the formation of rounded
ideals is stable under pullback (i.e. along the inverse image of any geometric mor-
phism). Both of these facts are needed in the proof of our main theorem.

7.1. Distributive information systems. We now use information system ([V93])
type results to present every continuous frame O(X) as the rounded ideals of an
information system. Note that this description is related to the development given
in [K17]; in particular we are using the notion of strength from that paper in (ii)
of the definition of distributive information systems to follow.

We use ′;′ to denote relational composition. For example a subset ≤⊆ P × P ,
i.e. a relation on a set P , is a partial order if and only if ≤;≤=≤, ∆ ⊆≤ and
∆ =≤ ∩ ≥. We can similarly isolate whether a subset I of P is an ideal using
relational composition (recall that being an ideal means lower closed and directed).

Definition 7.1. A distributive information system (DIS) is a pair (D,≺) with D
a distributive lattice and ≺⊆ D ×D a relation interacting with the partial order ≤
of D such that: ≺⊆≤, ≺;≺=≺, ≺=≺;≤ and

(i) ⇓ a = {b|b ≺ a} is an ideal for all a ∈ D.
(ii) ∀a, b, c ∈ D, a ≺ b ∨ c ⇒ ∃b′, c′ with a ≺ b′ ∨ c′, b′ ≺ b, and c′ ≺ c.

Distributive information systems are the models of a geometric theory, so a
category DIS is defined. The morphisms are ≺-preserving lattice homomorphisms.

Example 7.2. The frame of opens OX with the way below relation ≪ is a dis-
tributive information system for any locally compact locale X.

Given a distributive information system (D,≺) we can define R-idl(D) the col-
lection of rounded ideals; that is ideals I such that a ∈ I implies ∃b ∈ I with
a ≺ b.

Proposition 7.3. R − idl(D) is a continuous frame (i.e. the frame of opens of a
locally compact locale) for any distributive information system (D,≺).

Proof. Directed join is union. Bottom is {0}. For binary join: I ∨ J =↓ {i ∨ j|i ∈
I, j ∈ J}; to see that this is rounded if k ≤ i ∨ j with i ∈ I and j ∈ J then
there exists i′ ∈ I and j′ ∈ J with i ≺ i′ and j ≺ j′ - but then k ≺ i′ ∨ j′ and
i′ ∨ j′ ∈↓ {i ∨ j|i ∈ I, j ∈ J}.

Top is ⇓ 1 = {a|a ≺ 1}. For binary meets: I ∧ J =⇓ {i ∧ j|i ∈ I, j ∈ J}. It is
clearly rounded as ≺ is idempotent with respect to relational composition; to see
that it is an ideal recall that (i1∧j1)∨(i2∧j2) ≤ (i1∨i2)∧(j1∨j2) by distributivity
of D.

Proving that binary meets distribute over directed joins is straightforward from
the definition just given of binary meet as directed join is given by union. So to
show the R− idl(D) is a frame we need to check that it is a distributive lattice. To
prove this we check that I ∧ (J ∨K) ⊆ (I ∧ J)∨ (I ∧K). To this end say k ≺ i∧ a
with a ≤ j ∨ k with i ∈ I, j ∈ J and k ∈ K. Then k ≺ i∧ (j ∨ k) = (i∧ j)∨ (i∧ k)
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so therefore by condition (iii) in the definition of distributive information system
there exists a′, b′ such that k ≤ a′ ∨ b′, a′ ≺ i ∧ j. Hence k ∈ (I ∧ J) ∨ (I ∧K).

To see, finally, that R − idl(D) is a continuous poset it is easy to see I =
⋃↑{⇓

i|i ∈ I} for any rounded ideal I and further that ⇓ i≪ I. □

Proposition 7.4. OX ∼= R− idl(OX,≪) for any locally compact locale X

Proof. Using the definition of rounded, I =⇓
∨↑

I for any rounded ideal I. Further

a =
∨↑{b|b≪ a} for any open a of a locally compact locale (by definition of locally

compact locale). Therefore a 7→⇓ a and I 7→
∨↑

establishes the isomorphism.
□

So, every continuous frame comes from an object of DIS. The construction can
be carried out relative to any topos E , so that any locally compact locale X over
any topos E has as its opens the rounded ideals of some object of DISE .

7.2. Change of base for distributive information systems.

Proposition 7.5. If f : F - E is a geometric morphism between elementary
toposes then for any distributive information system (D,≺) in E, R-idlF (f∗D) ∼=
f#R-idlE(D).

In other words if a locally compact locale X in E has as opens the rounded ideals
of (D,≺), then the pullback of X to F , i.e. f∗X, has as its opens the rounded ideals
of f∗(D,≺). To prove the proposition we need to recall that locale pullback f∗X can
be calculated using OF (f

∗X) = f#OE(X) where f# : dcpoE
- dcpoF is left

adjoint to f∗ : dcpoF
- dcpoE (here dcpo is the category of directed complete

partial orders with directed join preserving maps). See the preamble to Lemma
C2.4.1 [J02] for the construction of f# relative to suplattices which generalises to
dcpos (see the first few sections of [T04]).

Proof. Relational composition with ≺ determines an idempotent dcpo homomor-
phism ≺; ( ) : idl(D) - idl(D) on the ideals of D. Idempotents split in dcpo
and splittings are preserved by all functors, in particular f# : dcpoE

- dcpoF .
Rounded ideals are exactly the elements of the splitting of ≺; ( ), so to complete
all we need to do is to prove that f#(≺; ( )) is equal to f∗(≺); ( ) up to isomor-
phism. This can be seen using the account of change of base given in Section 6 of
[T04]. (This property of f# is also effectively an observation needed in Joyal and
Tierney’s original account of localic change of base via suplattices (Ch. VI, Prop.
1 of [JT84]) and, further, is explained in the paragraph before Lemma C2.4.1 in
[J02].) □

8. A classify localic category for locally compact locales

We can now state and prove our main result.

Theorem 8.1. The pseudo-functor LK : Locop - CAT defined by

X 7→ LKSh(X)

is a lax-geometric stack.
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Proof. Section 6 shows that we have a stack. We therefore just need to check (i)
and (ii) of Proposition 5.2. The technique is now quite well known (e.g. we are
really just repeating the proof of the main result of [HT23b]).

For (i) let l : Sh(G0) - Set[DIS] be a localic cover of the classifying topos for
distributive information systems. We can assume that l is an open surjection (e.g.
Theorem C5.2.1 of [J02]). Let CLK be the locally compact locale corresponding
to the rounded ideals of l∗(GDIS ,≺DIS) where (GDIS ,≺DIS) is the generic dis-
tributive information system. So, OSh(G0)CLK ≡ R-IdlSh(G0)(l

∗(GDIS ,≺DIS)).
Then for any locally compact locale A in Sh(X), (OSh(X)A,≪OXA) is a dis-
tributive information system in Sh(X) and so is classified by a geometric mor-
phism pA : Sh(X) - Set[DIS]. The pullback (in the category of bounded
toposes) of l along pA is localic and an open surjection so must be of the form
q : Sh(YA) - Sh(X) where the locale map q is an open surjection (and so of
effective descent in Loc; Prop. C5.1.4 of [J02] - recall open surjections are pull-
back stable, Th. C3.1.27 of [J02]). The following pullback diagram of geometric
morphisms

Sh(YA)
x- Sh(G0)

Sh(X)

q

? pA- Set[DIS]

l

?

clarifies which map is q. We can then use the following to complete our verification
of condition (i) of Proposition 5.2:

OSh(YA)q
∗A = q#OSh(X)(A)

∼= q#R-idlSh(X)(OX(A),≪OXA)

∼= q#R-idlSh(X)p
∗
A(GDIS ,≺DIS)

∼= R-idlSh(YA)q
∗p∗A(GDIS ,≺DIS)

∼= R-idlSh(YA)x
∗l∗(GDIS ,≺DIS)

∼= x#R-idlSh(G0)l
∗(GDIS ,≺DIS)

= x#OSh(G0)CLK

= OSh(YA)x
∗CLK .

For (ii) observe that as the locale CLK is locally compact so is π∗
iCLK where

πi : G0 × G0
- G0 for i = 1, 2. But locally compact locales are exponentiable.

Define C1 to be the domain of (π∗
2CLK)π

∗
1CLK where the exponentiation is in the

category of locales over G0 ×G0; i.e., equivalently, in Loc/G0 ×G0. □

9. Concluding remarks

The ‘big idea’ here is that the existence of a classifying category for locally
compact objects is, from the perspective of axiomatic locale theory (e.g. [T24]),
the correct notion of infinity. The train of thought is as follows: the existence of a
classifying groupoid for discrete locales is equivalent to the Axiom of Infinity (Blass’
Theorem), but from the perspective of axiomatic locale theory we want something
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that is symmetric under discrete/compact Hausdorff duality 2. So why not take the
existence of CLK as our ‘localic axiom of infinity’?

This is tempting, but for the observation to have depth we must establish some
properties of CLK. In the discrete case we are able to make new geometric theories
from old by exploiting the existence of 2-limits in the 2-category of bounded toposes
over some base topos S. For example, establishing the Axiom of Infinity from an as-
sumption of the existence of a classifying localic groupoid, requires constructions on
stacks of geometric theories. (In detail, from the object classifier one needs to con-
struct a classifying topos for successor algebras; see the account of Blass’ Theorem
given in B4.2.11 [J02].) Now, in this ‘discrete’ topos case all the classifying localic
groupoids can be assumed to be open and so have well-behaved connected compo-
nent adjunctions; i.e. the ‘trivial G-object’ functor G∗ : LocS - [G,LocS ] has a
left adjoint such that the corresponding adjunction is stably Frobenius. The point
of making this technical observation is that it is this property that is the key to car-
rying out 2-categorical constructions without relying on the finitary 2-completeness
of toposes bounded over S. In fact, quite generally, for any cartesian category C,
the category of geometric stacks on C is finitely 2-complete once we restrict to in-
ternal groupoids G that have well-behaved connected component adjunctions. (For
background on this see [Pr96] and Corollary 7.4 of [N06]; the paper [T17] essentially
covers the general statement just made.) Unfortunately I have not been able to
establish whether cCLK has a connected components adjunction. Putting this line
of thought another way: is cCLK, in some sense, ‘bounded’ over Loc so that we can
mimic the topos theoretic approach of constructing geometric theories from a base
theory of objects? I expect that CLK is well behaved, but this needs more careful
technical examination. For now we must just make do with our main result: we
can classify locally compact locales.
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