REPRESENTING GEOMETRIC MORPHISMS USING POWER
LOCALE MONADS

CHRISTOPHER F. TOWNSEND

ABSTRACT. It it shown that geometric morphisms between elementary toposes
can be represented as adjunctions between the corresponding categories of
locales. The adjunctions are characterized as those that preserve the order
enrichment, commute with the double power locale monad and whose right
adjoints preserve finite coproduct. They are also characterized as those ad-
junctions that preserve the order enrichment and commute with both the lower
and the upper power locale monads.

1. INTRODUCTION

Every geometric morphism f : F —— & between elementary toposes gives rise
to an order-enriched adjunction ¥y - f* between the category of locales in F
and the category of locales in £ with the right adjoint being given by pullback,
f* : Loce —— Locx. This pullback functor has the known properties that it
preserves order enrichment, commutes with finite coproducts and there is a monad
isomorphism

[P =2 Prf",
where P is the double power locale construction. The main aim of this paper is to
show that any order-enriched adjunction between locales in F and locales in £ that
satisfies these properties arises as the pullback adjunction of a geometric morphism
unique up to natural isomorphism.

This provides a representation theorem for geometric morphisms showing a new
relationship between the power locale monads and the morphisms of topos theory.
In some categorical approaches to locale theory (e.g. [T05] and [V95]) the power
locale monads take on roles analogous to the more familiar power set monad of
elementary topos theory. It is the power locale monads that provide the structure
of locale theory in a manner that is similar to the way that the powerset provides
the structure of set theory. The implication of the representation theorem of this
paper is therefore that in topos theory the usual notion of morphism (i.e. geometric
morphism) can in fact be interpreted as structure preserving map.

2. THE MAIN THEOREM AND SUMMARY PROOF

The reader is assumed to be familiar with locale theory and topos theory, [J02].
The main theorem that is to be proved is now stated, but note that the detailed
definitions of the terms that are used will be given in the main body of the paper.

Theorem 2.1. For any two toposes € and F there are categorical equivalences
between
(i) the category of geometric morphisms from F to &,
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(i) the category of order-enriched adjunctions L 4 R : Locy .— Locg with R
preserving finitary coproduct and for which there exists some monad isomorphism
¢ : RP¢ = PrR such that R preserves, up to the monad isomorphism ¢, the strength
on P,

(#ii) the category of order-enriched adjunctions L 4 R : Locy —— Locg with R
preserving finitary coproduct and for which there exists some monad isomorphism
¢ : RPec 2 PrR; and,

(iv) the category of order-enriched adjunctions L 4 R : Locx =—= Locg for which
there exists two monad isomorphisms ¢y : RPf = PIR and ¢y - RPE =~ P(fR
such that R preserves, up to these monad isomorphisms, the canonical distribution
isomorphism Pr Py = Py Pry,.

The morphisms of the categories (ii) to (iv) are natural transformations between
the right adjoints and are not required to interact with the monad isomorphisms.

Let us give an overview of how the proof is going to work. In each part of the
proof what is required is a check that the various conditions placed on an adjunction
L 4 R are equivalent. To do this we will repeatedly rely on a characterization of
monad isomorphisms which occurs when there is an adjunction between categories,
each with a monad. This categorical result is that given a functor (with a left
adjoint) a monad isomorphism can be constructed if and only if there is a lifting
of the adjunction to an adjunction between the respectively Kleisli categories. The
result, which establishes a bijection between monad isomorphisms and liftings of
adjunctions, can be derived from the more familiar fact that liftings of functors to
Kleisli categories correspond to monad opfunctors.

Once this categorical lemma is established the proof focuses on the equivalence of
(i) and (ii). Certainly any geometric morphism f gives rise to a pullback adjunction
Y¢ - f* : Locy = Locg, see [J02] where the notation fi is used rather than .
The first part of the proof concerns itself with showing that ¥y - f* satisfies the
conditions of (ii). In fact it is well known that f* preserves finitary coproduct and
commutes with the double locale monad so what is new is a verification that the
strength is preserved. This is done by giving an explicit description of the monad
isomorphism ¢ (equivalently the Kleisli lifting of £ - f*) which witnesses that f*
commutes with the double power monad. This explicit description exploits the fact
that ¥y - f* satisfies Frobenius reciprocity ([T10b]) and so allows us to construct
a lifting to Kleisli categories, the details of which are in fact shown in [T10b]. With
this explicit description, preservation of the strength is an immediate application
of naturality since it can be seen that preservation of the strength can be seen as
preservation of an exponential in [Loc??, Set].

To complete the proof of the equivalence of the categories defined by (i) and (ii)
the techniques deployed are those of [T10b]. However here the situation appears
necessarily more complex as in the absence of Frobenius reciprocity we are not
able to be as explicit as we would like about the behaviour of the lifting to Kleisli
categories that is implied by the monad isomorphism. We proceed as follows: given
an order-enriched adjunction between categories of locales and a double power
locale monad isomorphism (that also preserves the strength, and has R preserving
finitary coproduct) we must construct a geometric morphism. The existence of the
monad isomorphism implies that there is a lifting of the order-enriched adjunction
to Kleisli categories. This lifting shows how to extend both L°? and R°P from frame
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homomorphisms to dcpo homomorphisms. Since the property of being discrete can
be characterized in terms of open maps and open maps can be characterized in
terms of certain dcpo homomorphisms it follows that the right adjoint preserves
discrete locales. Because any topos embeds in its category of locales as the full
subcategory of discrete locales we have a candidate for the inverse image of a
geometric morphism. Defining its right adjoint (i.e. the direct image) hinges on
the observation that every object in a topos can be described canonically as the
equalizer of a pair of decpo homomorphisms between frames. Since L°P also extends
to dcpo homomorphisms the required left adjoint can be defined as the equalizer
of the image of this canonical equalizer. Then, by application of the assumption
that R preserves the strength, it is possible to check that a geometric morphism
has been defined whose pullback adjunction is (isomorphic to) the original order-
enriched adjunction. The shape of this representation theorem has already appeared
in [T10b).

Certainly the conditions of (ii) imply those of (iii) as (iii) is weaker. To prove
that the conditions of (iii) imply those of (ii) we need to check that the exponentials
aX in [Loc, Set] are preserved for any natural transformation o corresponding to
a Kleisli morphism of the double power locale monad (i.e. corresponding to a dcpo
homomorphism between frames). It can be seen that the relevant exponentials can
be described by change of base functors extended to Kleisli categories ([T03]) and
so the proof becomes about showing that R commutes with change of base functors
when lifted to Kleisli categories. This is done by providing an external description
of the dcpo homomorphisms in each slice (i.e. dcpo homomorphisms that exist
after change of base to Sh(Y'), the topos of sheaves over Y for any locale V). The
external description is given in terms of weak triquotient assignments and quite a
bit of background material on these maps is required to proceed.

The proof of (iii) implies (iv) follows from the definitions of the lower and upper
power locale monads (P and Py). Their Kleisli categories have as morphisms
reversed suplattice and preframe homomorphisms respectively. By (iii) both L°P
and R°P lift to functors that preserve dcpo homomorphisms and so it needs to
be verified that these liftings also preserves the property of being a join or meet
semilattice homomorphism. For L°P this is immediate as L preserves coproduct as
it is a left adjoint. R on the other hand preserves finitary coproduct by assumption.
The liftings that witness that R commutes with P therefore also serve to witness
that R commutes with both Pr, and Py. Checking that the canonical distribution
is also preserved is then a matter of unwinding the definition of the distribution in
terms of universal suplattice and universal preframe homomorphisms. Since both
classes of universal maps are preserved by the liftings it follows that the distribution
is preserved. The proof in the other direction essentially follows from the definitions
since we have PPy = P. The proof requires a certain amount of diagram chasing.
To prove that R preserves finitary coproduct in effect we recall that Py, takes binary
coproduct to product (preserved by R) and further that Py, reflects isomorphisms.

3. FUNCTORS BETWEEN CATEGORIES, EACH WITH AN ORDER-ENRICHED MONAD

We start by proving a general categorical result (Lemma 3.3) which will be used
repeatedly in the paper as a way of characterizing when monad isomorphisms exist.
A monad on an order-enriched category is said to be order-enriched if its func-
tor part is. If C and D are two order-enriched categories, each with a monad,
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Te = (Te,n%, u€) and Tp = (Tp,nP, uP), then a monad opfunctor from (C,Tc¢)
to (D,Tp) is a pair (F,¢) where F' : C —— D is an order-enriched functor and
¢ : FTp — TpF is a natural transformation such that the diagrams

F
N
7 0k
FT, TpF
and

T

F1eTe 2% 1o rTe P2 oy e

Fuc I
FTe ¢ . TpF

both commute.

Note that monad opfunctors compose in an obvious manner: given (F,¢) :
(C,T¢) — (D, Tp) and (G,v) : (D,Tp) — (€, T¢) the composition (G, ) o
(F, ¢) is given by (GoF, GF1¢ 59, GIpF LA Te:GF). Further a transformation
between monad opfunctors (F, ¢) and (F’, ¢’) can be defined as a natural transfor-
mation « : FF — F’ such that ¢'ar, = (Tpa)d so a 2-category whose objects are
order-enriched categories with a monad is defined.

The following result gives an alternative description of this 2-category in terms
of liftings to Kleisli categories: if F': C —— D is an order-enriched functor then a
lifting of F is an order-enriched functor F : Cy, — Dr,, such that the square

F
Cre

Dr,

Te Tp

F
C D

commutes. Liftings compose in an obvious manner. The data for a transfor-
mation between liftings (F,F) and (F’,F’) is a pair of natural transformations
a:F — F' and @: F —— F’ such that Tpa = @r,.

Lemma 3.1. Given two order-enriched monads (Te,n°, u€) and (Tp,n?, uP) there
is a bijection between monad opfunctors (F,¢) from (C,T¢) to (D,Tp) and pairs
of functors (F, F) where F is a lifting of F. This bijection sends a lifting (F, F)
to the monad opfunctor (F,¢) with ¢x = F(Idr,x : TeX — X), and sends a
monad opfunctor (F,¢) to the lifting (F,F) where F = F on objects and F(f :
X —Y) = ¢y F(f) on morphisms. Furthermore this bijection preserves compo-
sition of monad opfunctors and extends to monad opfunctor transformations; i.e.
there is a 2-categorical isomorphism.



REPRESENTING GEOMETRIC MORPHISMS USING POWER LOCALE MONADS 5

Proof. [S72] (though also see [P70]). The result is a routine application of categori-
cal definitions. The order enrichment aspects are entirely trivial. [S72] contains the
relationship between monad functors and monad algebra morphisms; it also con-
tains a duality which clarifies that Kleisli constructions are dual to monad algebra
constructions. [

Corollary 3.2. If F1,F; : C —— D are two order-enriched functors and there
is a monad opfunctor ¢1 : FyTe — TpFy and a natural isomorphism p :
Fy —— [, then there is another monad opfunctor ¢o : FyTo — TpFy given
by ¢ = (Tpp)dnp;cl and a natural isomorphism p : F| —— Fy given by px =
D

Fi(X) 25 FBy(X) ra) TpF5(X) for each object X of C

Proof. Tt is routine to check that (Fy, ¢2) so defined is a monad opfunctor and that
with this definition p : (F1, ¢1) — (Fa, ¢2) is a monad opfunctor transformation.
p is the corresponding lifting (i.e. the image of the 2-cell under the 2-categorical
isomorphism of the lemma). ]

Next, by double application of the lemma, we show that if a functor between
categories (each with a monad) has a left adjoint, then the adjunction lifts to the
respective Kleisli categories if and only if there is a monad opfunctor on the right
adjoint which is an isomorphism.

Lemma 3.3. The following data on an order-enriched adjunction L 4 R : D —= C
and order-enriched monads (Tp,nT, uP) and (Te,n°, u€) on D and C is equivalent:
(i) a monad isomorphism ¢ : RTe — TpR
(ii) an adjunction L 4 R : Dy, < Cr. that lifts L 4 R.

Note that when, in (ii), it says that an adjunction is a lifting of another adjunc-
tion, this is implying that not only are there two liftings R and L but also that the
unit and counit of the lifted adjunction are the liftings of the unit and counit of
the original adjunction L 4 R; i.e. the lifting is 2-categorical.

Proof. Firstly let us say that we have a monad isomorphism ¢ : RTc —— TpR.
Then certainly there exists R by the previous lemma. But also we can construct
a monad opfunctor (L, ¢’) by defining ¢y, : LTpW —— T LW to be the adjoint

transpose (under L - R) of TpW Tomw, TpRLW Prw, RT-LW. By applica-
tion of the previous lemma we therefore also have L : Dy, —» Cr.. The unit
n : Id —— RL and counit € : LR —— Id are, it can be verified, monad op-
functor transformations and so (L, ¢') - (R, ¢) since the triangular identities hold.
Therefore since the previous lemma was 2-categorical it effectively shows how to
construct two natural transformations 7 : Id — RL and € : LR —— Id and
therefore a lifting L 4 R : D, —* Cr. as required.

In the other direction, assume that we are given such a lifting. Then let (R, ¢) be the
monad opfunctor that exists due to the lifting R; i.e. ¢x : RTc X — TpRX =
R(Idg.x) for any object X of C. We need to construct ¢—' : TpR —— Rlg.
Consider ¢ : TpR — R1¢ defined by ¢x = the adjoint transpose via L 4 R of

TcEX

LTpRX Prx TcLRX — T¢X where ¢’ : LTp — TcL is from the monad op-
functor (L, ¢') which is derived from the lifting L. Then use the triangular identities
on L - R to show that ¢ = ¢~ L.

O



6 CHRISTOPHER F. TOWNSEND

Corollary 3.4. Given two order-enriched adjunctions L; 4 R, : D —C i =
1,2 such that L1 = Ly and so Ry = Ry via a canonical natural isomorphism p.
If both adjunctions have a monad isomorphism ¢; : RiTec — TpR; (i = 1,2)
then provided L1 = Lo, it follows that Ry = Ry via p where p is given by py =

D
Ri(X) 250 Ro(X) 290 T Ry (X).

Proof. By Corollary 3.2 it is sufficient to prove that ¢o = (Tpp)edy p;cl; we outline
a proof that ¢5 ' = pr.é7 (Tpp~ ') from which this follows. Since L; = Ly we
have that the corresponding monad opfunctors are the same by Lemma 3.1, i.e.
@)+ L1Tp — TcLy is equal to ¢f : LoTp —— TeLo. However the last lemma
has established that ¢; is uniquely determined by ¢% as it is the adjoint transpose
via L; 4 R; of (Tee;)(¢)) g for i = 1,2. It just therefore remains to check that

R (¢}

TpRy 2% R L, ToRy 229 Rori, Ry BT RyTL

factors as pr.¢; *(Tpp~ ') which follows by naturality since ¢; ! factors as (RyTe(€1)) Ry (6)) r, (1) 7p Ry
and ¢] = ¢h. O

4. PRESERVING THE STRENGTH

In this section we prove a proposition (Proposition 4.6 below) which will be a
key step in proving that the categories (i) and (ii) of the main theorem (Theorem
2.1) are equivalent. The proof of this proposition will be by application of the last
lemma (Lemma 3.3). The proposition shows that the pullback adjunction ¥ 4 f* :
Locr — Locg which arises from a geometric morphism f : F —— & satisfies
the conditions of (ii) of the main theorem: f* preserves finitary coproduct, there

exists a monad isomorphism ¢ : f*Pg — Pz f* and f* preserves the strength on
P up to the monad isomorphism ¢. In fact this is all known except for the assertion
that the strength is preserved. That f* preserves finitary coproduct is well known
(for example, covered in the proof of Proposition 24 of [T03]) and the fact that
f* preserves P is known (e.g. [V02]); that, further, the whole monad structure is
preserved follows from Lemma 3.3 since Proposition 24 of [T03] exhibits a lifting
of ¥y - f* to the Kleisli categories.

Our proof on the preservation of the strength will make use of the result, [T10b],
that Xy 4 f* satisfies Frobenius reciprocity. To proceed we must now set out clearly
all the required definitions:

Definition 4.1. An adjunction L 4 R : D —= C between cartesian categories
Ly,

satisfies Frobenius reciprocity provided the map L(R(X) x W) AEms,Lma) LRX x

Lw exxddew o LW s an isomorphism for all objects W and X of D and C
respectively.

Definition 4.2. The double power monad on Loc is given by double exponentiation
at the Sierpiniski locale S. The functor part is X — S8%. The unit and multiplication
parts of the monad are immediate from the definition of the functor part as an
exponential.

It is important to be aware that S¥ is the presheaf Loc(_ x X,S) and that the
exponentiation takes place in [Loc, Set]. See [VT04] for the relevant background.
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Consequently the Kleisli category of the double power locale monad is equivalent
to the opposite of the full subcategory of [Loc?, Set] consisting only of objects
of the form S¥. We use Ky : S¥ —— SPX as notation for the universal natural
transformation (i.e. the double exponential transpose of the map PX =, SSX).
This natural transformation is universal in the sense that every natural transfor-
mation a : S¥ —— S¥X factors as SRy : S¥ —— S¥ for some unique Kleisli
map fo, : X —— PY. It is worth clarifying, since this exponential relative to
[Loc®?, Set] takes a central role in what follows, that if & : SY —— S¥ is a natural
transformation then for any locale Z the exponential map a? : S#*Y —» §%xX
exists; it is given by a%, = ax/xz at any locale X’. In the case that there exists
¢ a monad opfunctor between double power locale monads (for a given functor
R : Loce —— Locgz) we have that the lifting preserves the universal natural
transformation up to ¢:

Lemma 4.3. Given an order-enriched functor R : Loce — Locx and a monad
opfunctor ¢ : RPg — PxR, the following diagram commutes:

S];’__}-RX
o Sex

Zop
SRX R Xx S.I;PgX

where R is the lifting corresponding to ¢.

Proof. Recall (Lemma 3.1) that for a Kleisli morphism f: X — PgY, Rf is de-
fined to be ¢y Rf. The result then follows since the Kleisli morphism corresponding
to Kx is the identity on Pg X. O

Definition 4.4. (1). The strength of the double power monad is given by the
natural transformation t : P(_) x (1) — P(_ x _) defined by

tyy :PXxY —= P(X x Y)

for any locales X and Y, where tx y is the Kleisli morphism corresponding to the
exponential K% : S¥*V — SFXXY jp [Loc?, Set].

(2). For any order-enriched functor R : Locy —— Locg with a monad op-
functor ¢ : RP¢ —— PxR, R preserves the strength up to ¢ if and only if the
diagram

Rt y
R(PeX x Y) ’ RP¢(X x Y)
(R?Tl,Rﬂ'g) ¢X><Y
v
RP:X x RY Pr(R(X xY))
(bX X IdRY ]P]—‘(R’ﬂ'l,R’ITQ)
' th RY '
PrRX x RY ’ Pr(RX x RY)
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commutes for all locales X andY over &.

The next lemma provides a characterization of when the strength is preserved
in terms of the lifting R induced by ¢:

Lemma 4.5. Given a monad opfunctor ¢ : RPg¢ —— P£R then the following are
equivalent:

1. R preserves the strength up to ¢,

2. for any locales X and Y over £ the diagram

S(R’ﬂ'l,Rﬂg)

SRXXRY F _ SR(XXY)

F F

RY 5P Y
IX’RX R |X|X

S¢XXId S(Rﬂ'l,Rﬂ'g)

S]P’_—;:RXXRY F SRIF’gX XRY F SR(PgXXY)

F F F

commutes where R is the lifting corresponding to ¢; and,
3. for any natural transformation « : S?l — S?z and for any locale Y over
0P Rmi,R Ry, Rma) 500
£, R (a¥)sifimofims) — gilimfim) (R q)RY
If further R preserves binary product then the above is also equivalent to:
4. for any natural transformation « : S?l — S?z and for any locale Y over

g, R () = (R a)®Y via the natural isomorphism Sg_{%m’RM).

Proof. The equivalence of 1. and 2. is a question of taking the exponential trans-
pose of the diagram that determines whether R preserves the strength. For the
equivalence of 2. and 3. recall that each natural transformation o : S¥Y —— SX
factors as STy : Y —— SX for some unique Kleisli map f, : X — PY. The
equivalence of 3. and 4. is immediate. ([

Proposition 4.6. For any geometric morphism f : F — & the resulting pullback
adjunction ¥y 4 f* : Locy =— Locg has the properties (a) f* preserves finitary

coproduct, (b) there exists a monad isomorphism ¢ : f*Pg =. Prf* and (c) f*
preserves the strength on P up to the monad isomorphism ¢.

Proof. As has been covered already in the first paragraph of this Section, all that
is required is a proof of (c). To prove (c) we need to be explicit about how
¢ is constructed. It is well known that there is an isomorphism f*Se = Sg
(i.e. the Sierpinski locale is preserved by pullback along a geometric morphism)
and, see [T10b], it is known that X; - f* satisfies Frobenius reciprocity. From
this we can apply Proposition 5.1 of [T10b] and construct a lifting f* 4 ¥, :
(Locr)p, «—— (Locg)p, to the Kleisli categories and so this gives rise to a monad
isomorphism ¢. For example if « : Sg — S? " is a natural transformation, define
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7" (a) by
7 (@)]w

LOC]:(W X f*X, S]:) LOC]:(W X f*X/,S]:)

[as3 o~

Y
Locr(W x f*X, f*S¢) Locs(W x f*X’, f*Sg)

[a=3

1%

Y
LOCg(EfWXX,Sg) LOCg(EfW XX/,Sg)
for any locale W of F, where the vertical morphisms are isomorphisms by our
observation that Frobenius reciprocity is satisfied and f* preserves the Sierpinski
locale. To prove that f* preserves the strength we show that for any natural trans-
formation v : S5t —— Sp2, ¥ (oY) = (F**a)BY and appeal to the previous
lemma. Now, for any locale W over F we have that [f* (a¥)]w is the composite

|»

Locr(f*(X1 x Y) x W,Sg)

@YXEfW

LOCg(Xl XY x EfVV, Sg) LOCg(XQ XY x EfW, Sg)

— LOC]:(f*(XQ X Y) X VV,S]:)

IR

and (FOpoz)&:Y is the composite,

|»

LOC]:(f*Xl X f*Y X VV,S]:)

Loce (X1 x Sp(fY x W),Se) 70 Loce(Xy x S,(f*Y x W), Se)
LOC]:(f*XQ X f*Y X VV,S]:)

and so [ (a¥) = (F*” )Y via the natural isomorphism ng*m’f "2) by appli-
cation of naturality of o at the isomorphism X¢(f*Y x W) =Y x L,;W. O

|»

5. REPRESENTING AN ADJUNCTION BETWEEN CATEGORIES OF LOCALES USING A
GEOMETRIC MORPHISM

In this section we prove that if we are given an order-enriched adjunction L H
R : Locr =— Loc¢ and a monad isomorphism ¢ : RPs = PzR such that (a) R
preserves finitary coproduct and (b) R preserves, up to the monad isomorphism
¢, the strength on P, then we can construct a geometric morphism f : F — &,
unique up to natural isomorphism, such that R = f* and L = X . This construction
(Proposition 5.9) combined with the previous proposition (Proposition 4.6) proves
the equivalence of the categories (i) and (ii) of the main theorem (Theorem 2.1).

The next three lemmas set out various lattice theoretic results needed in the
proof of Proposition 5.9. We start by setting notation related to dcpo homomor-
phisms between frames. If ¢ : QX; —— QX5 is a decpo homomorphism then it
corresponds to a natural transformation SX* —— S§X2 ([VT04]). If V" is some other
locale then we use ¢ to denote the depo homomorphism Q(Y x X1) — Q(Y x X5)
that is equal to the natural transformation corresponding to ¢ evaluated at Y. This
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notation is consistent with our description of the exponential a¥ in [Loc?, Set]
since the dcpo homomorphism corresponding to aY is ¢¥ if ¢ is the depo homo-
morphism corresponding to a. Note that if there is R : Loce —— Locx and a
monad morphism ¢ : RP¢ —— PR, then we will also use the notation EOp(q) to
denote the effect of R on the dcpo homomorphisms corresponding to natural trans-
formations. In other words no distinction is going to be made between R acting
on natural transformations and R”" acting on dcpo homomorphisms. Note that by
Lemma 4.5 if further R preserves binary product and the strength (up to ¢) then
R”(¢¥) = (R q)EY via the canonical isomorphism Qz(R(_)x R(_)) = Qr(R(-x_))

The following lemma allows us to capture maps to frames as dcpo homomor-
phisms. Since the property of commuting with the double power locale monad will
only give us information about the preservation of dcpo homomorphisms this is a
key technical step.

Lemma 5.1. For any set A and locale X over a topos & there is an order isomor-
phism

E(A,QX) = dcpo(Q0,2(A x X))
natural in depo homomorphisms between QX and functions between A.

If we follow a notation that ¢’ : Q0 — Q(A x X) is the mate of p : A — QX
under this order isomorphism then the naturality assertion with respect to dcpo
homomorphisms is that for any ¢ : QX; —— QX5 then (qv)’ = ¢%4’. The
assertion of naturality with respect to functions is that if f : B —— A is a map
then (¢vf) = [Q(f)]*¢’. Note that in this case [2(f)] is the suplattice tensor
Q(f) ® Idgx); this can be seen by the construction of the natural transformation
representation of any suplattice homomorphism (Theorem 23 in [VT04]).

Proof. This result, without the naturality statement, is well known lattice theory
(since, of course, 0 = 1). The point of Q(A x X) corresponding to ¢ : A — QX
is given by \/,c4{a} ® va. For the naturality assertions consult Lemmas 51 and
54 of [T03]. O

We use the notation ¢ : PA —— QX for the free suplattice homomorphism on
P A—— QX. Below we will need an explicit description of 1 in terms of 9’ to
prove the main proposition of this section. This description is provided by the next
lemma:

Lemma 5.2. Given ¢: A — QX, ¢ : PA —— QX factors as
o ——A
PA =0 0(Ax1) 2 (A x A x x) 2EIE) g4 x) 22 0x

Proof. Note first that WA is Y/ ®Idpa. Since PA is the free suplattice on A we just
need to check that ¥(a) is equal to 3, Q(A4 X Idx)({a} @ (V,ecald'} @ a’)) =
Ir,({a} ® 1a)). This is immediate since for any discrete locale B and any other
locale Y the map 3., : PB® QY — QY is given by 3, (I ®c) = \/5,,c. O

Below we will need to specialize the order isomorphism of Lemma 5.1 to the case
that A is a poset. The specialization is provided by the next lemma the proof of
which hinges on the explicit description of ¢ given in the previous lemma.
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Lemma 5.3. For any poset A and locale X there is an order isomorphism between
order preserving (i.e. monotone) maps A — QX and

{¢": Q0 — QA x X)|(Ta)* ' = ¢}

where T4: PA —— PA is the upper closure operator with respect to the partial
order on A.

Note that T4 is a suplattice homomorphism, so it is a decpo homomorphism and
so (T4)X is well defined; as above, it is the familiar suplattice tensor T4 ®Idqx.

Proof. We must check that ¢ : A —— QX is a monotone map if and only if
(1) Xy" =4, i.e. if and only if

Vit eva=\/ {d}yd (.

b>a a’c€A

Certainly if ¢ is monotone then (%) holds since {b} ® va < {b} ® b for any
b > a. Conversely if (x) holds then by applying the previous lemma we have that
T QUAA x Idx)({a'} @ (Vs {0} @ ta)) = ¢(a’) for each o’ € A. For any b > a
take a’ = b in this last, and note that the LHS is greater than or equal to ¢a. O

We now prove a series of lemmas about an order-enriched monad opfunctor (R, ¢)
with R : Locg —— Locr and ¢ : RP¢ —— PxR. These lemmas provide more
information on what sort of structures are preserved by R relative to the ambient
toposes £ and F given increasing assumptions about R and ¢.

Lemma 5.4. Given an order-enriched functor R : Locg —— Locx which pre-
serves binary products and a monad opfunctor ¢ : RP¢ —— PxrR, R preserves
discrete locales and so defines a functor &€ — F.

Proof. Consult Proposition 5.2 of [T10b], since in this case R” exists and is order-
enriched. The proof is done by checking that R preserves open maps and it is shown
that if 3 is left adjoint to ¢ f witnessing that f: Y —— X is open, then EOP(EIf)
witnesses that QxR f is open. O

If we further know that R preserves all finitary limits (as it will do if it is a right
adjoint) then it further must define a functor from the category of internal posets
in £ to the category of internal posets in F (i.e. Posg — Posz). This is because
the property of being an internal poset can be expressed using finitary limits, see
e.g. Lemma 14 of [T03]. The next two lemmas provide more consequences of the
further assumption that R is cartesian. The first lemma verifies something that we
would expect. For any open a —— X there is a map p, : Qg0 —— Q¢ X which
is the point corresponding to a. If R preserves the Sierpinski object then Ra is an
open of RX since a subobject @ — X (i.e. a regular monomorphism) in Locg is
open if and only if there is a pullback diagram

a 15
1
X Xa Se
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for some unique x,, where 1 : 1¢ —— S¢ is the top elements of Sg. Note that
Do factors as Qgx,Xp, since Sg = Pg0g. We would expect that pr, is equal to
R (pa) if R preserves Og:

Lemma 5.5. If R is as in the previous lemma and further is cartesian and preserves
thelnitial locale then for any open a — X of X, some locale over £, pr, is equal
to R” (pa) via the canonical isomorphism Qz0x = Qg (R0 ).

Proof. R preserves the Sierpiiiski object since Sg = P¢0¢ and R preserves Og.
But ROP(&)g) = QropxNy, (Lemma 4.3) and so the proof can be completed by
naturality of ¢ since R preserves the pullback square that defines a —— X. (I

Lemma 5.6. Given the conditions of the previous lemma together with the further
assumption that R preserves binary coproduct, then for (A,<a) an internal poset
in € we have that EOP(TA) =TRa-

Since T4 is a suplattice endomorphism on the power set of A certainly ROP(T A)
exists since R extends to dcpo homomorphisms.

Proof. 14 is equal to the composite
(PA® PA) x (PA® PA) Lraery
PA®PA % pA

where 04 : 0 — A is the unique map from the initial locale and p<, : 2¢0 — PA®
PA is the point of PA ® PA corresponding to the partial order on A. Since each
component in this composite is preserved by R” we have that T is preserved as
required. To see that each component is preserved recall that locale coproduct is
given by the set theoretic product of the underlying frames. Further the second
arrow is meet on PA ® PA which is right adjoint to the diagonal and so is pre-
served as the order enrichment is preserved. That p<,, is equal to R (p<,) (up
to canonical isomorphism) is covered by the previous lemma. (I

(Qem1,p< , Qe04)
R, Shbid

PA

If we now assume that there is an adjunction L 4 R with the property that R
preserves finitary coproduct, then the extension to dcpo homomorphisms specializes
to suplattice homomorphisms:

Lemma 5.7. Given an order-enriched adjunction L 4 R : Locx .— Locg with

a monad isomorphism ¢ : RPg =, PrR such that R preserves finitary coproduct
then, on morphisms, both " and R™ preserve the property of being a suplattice
homomorphism and so for any locales X and W over € and F respectively, there
is a natural order isomorphism

Sup (e X, Qe LW) — Sups(QrRX, QrW)
given by Qrnw R’ ().
Proof. The second assertion is immediate from the first. Recall that finitary locale
coproduct is given by set theoretic product. Localic codiagonal is set theoretic
diagonal. If finitary set theoretic diagonal is preserved by an order-enriched functor
then so is its left adjoint, which is finitary join. So, L” and R” both preserve join
preserving maps and so specialize to suplattice homomorphisms provided L and R

preserve finitary coproduct. R preserves finitary coproduct by assumption and L
preserves finitary coproduct since it is a left adjoint. [
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Our final basic lattice theoretic result is the following lemma on presenting any
set as a dcpo equalizer.

Lemma 5.8. For any object B of a topos F there is an equalizer diagram

B < PB——% P(Bx B) x Qr

ap
in F where qg and ¢z are depo homomorphisms.

Proof. P(B x B) x Qg is the frame of the locale (B x B) + 1. Recall Qx = P1,
and 1 = {} the singleton set. Let gg(I) = (I x I, {*}) and let ¢5(I) = ({(4,9) | i €
I},{+ | 3i € I}). It is routine to verify that these are both dcpo homomorphisms
and that B is their equalizer. ([l

Proposition 5.9. If L. 4 R : Locy — Locg is an order-enriched adjunction
with a monad isomorphism ¢ : RPg = PrR such that (a) R preserves finitary
coproduct and (b) R preserves, up to the monad isomorphism ¢, the strength on
P then there exists a geometric morphism f : F —— &, unique up to natural
transformation, such that R = f* and L = ¥;.

Proof. From Proposition 5.4 R defines a functor f* : &€ —— F by restriction to
discrete locales. It is our candidate for the inverse image of a geometric morphism.
Note that since finite limits of discrete locales are created in Loc we have that f*
is cartesian. To construct a right adjoint to f* : £ —— F we use Lemma 5.8. For
any object B of F define f.(B) to be the equalizer in £ of

L (PB) L (P(B x B) x Q)

where ¢p and ¢ are depo homomorphisms constructed as in Lemma 5.8. It is
clear how to extend this definition to morphisms and so we have defined a functor
fe: F — &. By Lemma 5.1 £(A, Q¢ LB) = dcpog (20, Qe (A x LB)) naturally
in depo homomorphisms. So, since £(A, Qs LB) = E(A, ZOPPB)7 we can prove that
f* - f. by constructing a bijection

A deOS(QgO, Qg(A X LW)) — deO}-(Q]:O, Q]:(RA X W))
natural in dcpo homomorphisms between frames Q£W. Define A by
AW') = Qe(Idra xqw )R (W)
and this is clearly natural in dcpo homomorphisms between 2 W's by construction
and by exploiting the assumption that R preserves the strength and so preserves
¢ for any locale X and any decpo homomorphism g. To complete our construction

of a geometric morphism we have to check that A is a bijection. However for any
object A of £ consider the following diagram:
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~ ~

Supg (e A, Qe (LW)) Sup; (Qe, Qe (A x LW))

dcpog(Q2£0,Qg(A x LW))
R™ R™ R™
Y Y

Sup(QrRA, Qr(RLW)) — Sup4(Qr, Qr(RA x RLW)) — depox(Q70, Q2 (RA x RLW))

Qrnw o (-) Qr(Idra x nw) o (-)

Supz(QrRA,Qr(W)) » dcpo £ (Q£0, Q2 (RA x W))
Certainly the bottom rectangle commutes by construction. The top left square
commutes by Lemma 5.2 because R preserves the relevant structure. The top
right hand square commutes because it can be readily checked that Rr” preserves
the top map {_} : 20 — Q which is the universal map from 1 to the free suplattice
on 1 (i.e. Q). Therefore, because the left hand vertical map is a bijection (Lemma
5.7), we have that the right hand vertical map, i.e. A, is a bijection and so f* - f,
and we have defined a geometric morphism f : F — &.

To check L = ¥y we observe, for any locale W over F and for any poset A of £

Posg (A, QeXp(W)) Poss (A, f.QxW)

Posz(f*A, QW)

= Posz(RA,QFW)

= {¢ 1 Q0 — Qp(RA X W)| THa ¢ = ¢’}

[0+ Q60 —= Qe(A x LW)| 15V ¢ = '} via A~
Posg (A, Qe LW)

1%

1%

where the second and third last lines are using Lemmas 5.3 and 5.6. Therefore,
L= Ef.

Finally the uniqueness of f : F —— £ (up to natural transformation) is trivial:
if f/: F —— & is some other geometric morphism with (f')* : Loce — Locr
isomorphic to R then (f')*A = R(A) = f*(A) for every discrete locale A over &
and so f' = f. O

6. DROPPING THE STRENGTH

In this section we check that (ii) and (iii) of the main theorem are equivalent
categories. It can be seen that this follows from proving,

Proposition 6.1. Given an order-enriched adjunction L 4 R : Locx .— Locg
and a monad isomorphism ¢ : RPg = PxrR such that R preserves finitary coproduct
then R also preserves the strength on P up to ¢.

To prove the Proposition, by Lemma 4.5, what is required is a proof that
R”(¢Y) = [R™(¢))®Y for any dcpo homomorphism ¢ between frames in £. In
outline the proof exploits the fact that ¢* can be described by using the lifting
to Kleisli categories of localic change of base functors ([T03]) and then checking



REPRESENTING GEOMETRIC MORPHISMS USING POWER LOCALE MONADS 15

that R”" commutes with these lifted change of base functors. This is achieved by
checking that the property of having ¢ is stable under slicing and then, effectively,
verifying Beck-Chevalley for the lifting of the square that relates the slice of L 4 R
back down to L 4 R via the change of base functors.

The next subsection introduces the necessary background material on weak
triquotient assignments, the second subsection proves the necessary slice stabil-
ity result. The final subsection consists of a proof of the Proposition. It is worth
noting that the entire proof can be carried out axiomatically using the categorical
description of weak triquotient assignments contained in [T10a]; but for the sake of
not having to increase the complexity of our exposition by introducing the relevant
categorical axioms, our Proposition and proof is left a result about Loc.

6.1. Weak triquotient assignments. Weak triquotient assignments will play a
central role in the proof, essentially because they provide an external characteriza-
tion of dcpo homomorphisms in each localic slice.

Definition 6.2. If f : X —— Y is a map in the category of locales then a weak
triquotient assignment on f is a@ depo homomorphism fy : QX —— QY with the
property that

fular Alaz VQF(B)]) = [fxlar) AB]V fular Aaz)
for all ay,a: € QX and b € QY.

Weak triquotient assignments were originally isolated by Vickers in an unpub-
lished note as a weakening of Plewe’s notion of triquotient assignment [P97]. The
notion is a localic form of the topological notion of triquotient map introduced
by Michael. Note that a lattice theoretic manipulation shows that the defining
equation is equivalent to requiring that both

(a) fa(a) Nb < fau(a NQ(D))
and

(b)  falaVQS®) < fala) v
for all a € QX and b € QY. We shall use this characterization of weak triquotient
assignment in our applications below.

Any open map f : X —— Y gives rise to an example of a weak triquotient
assignment since, it can be verified by elementary lattice theoretic manipulations,
3y is a weak triquotient assignment on f. Another class of examples arises from
any split localic surjection: if ¢ : X —— Y is split by ¢ : ¥ —— X then ¢4 = (%
is a weak triquotient assignment on q.

Weak triquotient assignments are preserved by R

Lemma 6.3. Given R : Loce — Locyz preserving binary coproduct and for
which there is a monad opfunctor ¢ : RPg — PxR, then for any weak triquotient
assignment fu : QeX — Qe X’ on a locale map f: X — X' in &, EOp(f#) is
a weak triquotient assignment on R(f): RX — RX'.

Proof. Just as in the proof of Lemma 5.7, R” preserves frame meet and join and
therefore preserves the equations that define weak triquotient assignment. O

Given a locale map f: X —— Y, there is a corresponding locale in the topos of
sheaves over Y under the equivalence Loc/Y ~ Locgyyy) ([JT84]). The key prop-
erty of weak triquotient assignments on f : X — Y is that they are an external
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representation of the internal points of the double power of this corresponding locale
in the topos of sheaves over Y. This allows us to translate facts about internal dcpo
homomorphisms relative to sheaves over Y into facts about decpo homomorphisms
in the relevant ambient topos. Since the points of the double power locale are in
order isomorphism with dcpo homomorphisms, this key property can be expressed
as:

Lemma 6.4. There is an order isomorphism between weak triquotient assignments
on f: X — Y and internal dcpo homomorphisms,

deOY(QyXf, Qy)

Note that we are using dcpoy- to denote the category of dcpos relative to the
topos, Sh(Y'), of sheaves over Y. Xy is used as the object of Loc/Y given by the
morphism f : X — Y and Xy is used for the object X x Y —=» Y. Every locale
map f : X —— Y gives rise to a geometric morphism f : Sh(X) — Sh(Y)
and so by (i) implies (ii) of the main theorem there is an order-enriched adjunc-
tion (Locy)p’ < (Locy )y’ which is a contravariant lifting of the pullback ad-
junction ¥y - f* : Loc/X — Loc/Y; we use f# - f, for this order-enriched
adjunction. Note that the unit of this order-enriched adjunction at Qy X }, is
QyX}, vy Qy [X Xy X'] tx, and the counit at Qx W, is Qx [X xy W, Sx(g.Tdw) QxWy.
The term change of base will be used when we are passing through this adjunction.
Finally, we will use v for the unique geometric morphism from Sh(Y’) back to the
relevant base topos.

Proof. Consult Lemma 41 in [T03]. The order isomorphism, in one direction, sends
any dcpo homomorphism ¢ : Qy Xy —— Qy to 7Y (q). In the other direction
for any weak triquotient assignment fx : QX —— QY of f, the corresponding
dcpo homomorphism relative to Sh(Y) is the unique ¢ : Qy Xy — Qy such that
Qy Xy v Udx.f) Qy Xy s Qyis equal to Qy Xy LN Qy where (,v) is adjoint
transpose with respect to (v¥)# —4Y. O

As an application we prove the key pullback stability result for locale maps with
weak triquotient assignments:

Lemma 6.5. Given a pullback square

Xxy X' 2 o x

U] f

!
X’ ! Y
in Loc and any weak triquotient assignment fu : QX —— QY on f there exists
a unique weak triquotient assignment (m2)g @ QX xy X') —— QX' on mo :
X Xy X' —— X' such that the Beck-Chevalley condition holds; i.e. such that
(o) Q1 = Qf fye.

This was proved originally by Plewe, [P97], for triquotient assignments and the
proof for weak triquotient assignments follows a similar path. The result was proved
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by Vickers in the unpublished note that originally isolated the class of weak triquo-
tient assignments. The existence part is proved in [T03] using the representation
theorem of the previous lemma and we repeat the proof here and include the unique-
ness part.

Proof. If ¢ : Qy(Xy) — Qy is the dcpo homomorphism relative to Sh(Y") that
corresponds to fy then (f’)#(q) is a depo homomorphism from Qx/ ([ X xy X'],,)
to Qx relative to Sh(X’) and so gives rise to a weak triquotient assignment

v ((F)#(9)) on .

The map QX —" T, v 2L axtis equal to
Qy Xy DU oy, 1o, 2 g, x1,

after passing through the adjunction (v¥)# 4~ (i.e. by changing base to Y'). This

is because 7)Y takes Qy f’ to Qf’ and the definition of ¢. Since Qy Svd, QyX},
is the unit of (f)#* - f/ at Qy, if we next change base along f’ we obtain
Qo Xxr 2000 LIX xy X, (N7 (a)
X X x X

On the other hand, since the adjoint transpose of QX —» Q(X xy X’) under
the adjunction (X )# 44X is Qx/ (i) we have that, under change of base to X,

T x/ INH# ,
OX 27 (X xy X) YT 0 X7 s equal to Qx Xy~ Qe [X xy

X'Nn, U@ Qx: and so this completes a verification of the Beck-Chevalley con-
dition given in the statement of the lemma.

For the uniqueness part of the statement of the corollary notice that if (m2)l,
is some other weak triquotient assignment such that (wz)%ﬁﬁm = Qf' fy then by
change of base to X,

Qx: where i is the inclusion X Xy

QX/XX/ Qyr(2) QX’( Xy Xl) 44/» QX’ —
A%3 1#
O Xy 20 0 (X xy X1 YD o

where ¢’ is the dcpo homomorphism relative to Sh(X') that corresponds to (m2)l.

It follows that ¢’ = (f')#(q) and therefore that (m2)}, = (m2)#, because Qx(i) is
an epimorphism since ¢ is a regular monomorphism. ([l

Corollary 6.6. Given the conditions of the lemma, if f : X —— Y is a split
surjection (split by i : Y —— X ) then the unique weak triquotient assignment
on o corresponding to fu = Qi is Q(n(i)) where 7f(i) is the pullback of i along
X xy X' — X.

Proof. The adjoint transpose of QX 2, QY across (Y)# 7Y is Qy Xy By G ldv)

which factors as Qy Xy M Qy Xy i Qy. Therefore the decpo homomor-

phism relative to Sh(Y') corresponding to the weak triquotient assignment Qi on f
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is equal to 2x Xy LA Qy. By considering the pullback diagrams

/
X’ / Y

2 f
M
_ N (O i N Qe (if Idxr) ;. iy
it can be seen that (f/)# (Qy4) is Ax/ (X Xy X')r, —————% QX' ie. Qx/ (77 (3)).
The result follows since 72X (Qx/ (73 (7))) = Q5 (i)). O

Note that because Lemma 6.4 can be proved using only topos valid reasoning it
can be carried out in the topos of sheaves Sh(Z) for any locale Z and so we have:

Lemma 6.7. For any locale maps f : X —— Y and f' : X' —— Y there is an
order isomorphism between dcpo homomorphisms q : Qy X ¢ — QyX}, and weak
triquotient assignments on mo : X Xy X' —— X'.

Proof. By change of base to Sh(X’). The geometric morphism f’ : Sh(X') — Sh(Y)
induces an order isomorphism between depoy (Q2y X, Qy X7/) and depo x/ (Qy ([X xy
X/]‘ﬂ'z)vﬂX’)' U

The notation a? : Q(X xy X') — QX' is used for the weak triquotient assign-
ment corresponding to ¢ : Qy Xy —— Qy X },. For example, for any locale map

h: X}, — X; in the slice Loc/Y, a® () is equal to Q(X xy X') 2040 g x7,

Since ¢ factors as Qy Xy Ovmy Oy [ X xy X' fr, 1.4 QyX}, by change of base

across (f')# - f! (where (_) is adjoint transpose with respect to (f)# = f!), we
have that 7Y () is equal to QX —» Q(X xy X') —’, QX. This is usually enough
to establish facts about ¢ from a? since 4} is faithful as the counit of (y¥)# 4 ~Y
is equal to Qy (Idx, f) which is an epimorphism since (Idx, f) : Xy — Xy is a
regular monomorphism.

Our final technical step in setting up the necessary background on weak triquo-
tient assignments is to check that the previous lemma is natural in locale maps:

Lemma 6.8. Given an internal dcpo homomorphism q : Qy Xy —— QyX}/,
(i) For any h : X}’,, — X},, a®» (M4 s the unique weak triquotient assignment
on 7y X Xy X" — X" such that Beck-Chevalley holds for the pullback square

Id h
X xy X" 29X x o) x!
7y T
XI/ h XI
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i.e. such that a®™ MIQ(Idx x h) = Q(h)ad.
(ii) For any morphism t : X; — Z, of Loc/Y, a®*t = a9Q(t x Idx/) with
tXIdX/ ZXXyX/ —_— ZXYXI.

Proof. (i). Let us first consider h : X" —— X’ as a geometric morphism and note
that the unit of h# 4 h, at Qx/ ([X xy X'lzy) is

Qs (Idx xh)
QX/([X Xy Xl]ﬂ.é) M A Sl S QX/([X Xy X”}hﬂ.g).
This can be seen, for example, by unraveling the isomorphism X xy X" & [X xy
AX/]W2 X xr X",
Since a?¥(M4 is by definition a weak triquotient assignment on 7 : X xy
X" —— X" all that is required to complete the proof of (i) is to verify that

"

a® MaQ(Id x h) = Q(h)al. Now, a® M4 = 4X" (Qy hq), where (_) is change of
base to X”. But (_) can be found by first changing base to X’ and then changing
base via h. The image of Qy (h)q relative to X’ is

QX/([X XY Xl]ﬂ.é) L QX/ M QXIX}IL/

where 6 is change of base to X’. The image of this, via h, is Qx~([X xy
&
X”},ré/) 2@ Qx~ because Qx h is the unit of h# - h, at Qx-. It follows:

o™ M (1dx x h) = X" (Qyhg)Idx x h)
7 W (@QIdx x h)
= X R (@) Qo (Idx x h)
= X (hh# () (Idx x b))
= X (Qx (M) @) (*)
= X ox () @
= Q(h)a?
where we are exploiting our first observation that Qx/(Idx x h) is a unit at stage
(%).
(ii). qQyt is equal to Qx: ([Z xy X'],) Qs ([X xy X'y 1,0y

when changed to base X', where g is the mate of q. The result follows by applying
X" since a? = 42X () and 42X (Qx/ (t x Idx/)) = Q(t x Idx/). O

Qxr(txIdxr)
—_—

6.2. Slice stability. We now embark on a series of lemmas that culminates in
showing that (iii) of the main theorem is stable under slicing. If L 4 R is an order-
enriched adjunction between Locs and Locg then for any locale Y of £ there is a
sliced order-enriched adjunction,
Ly,
Locr/RY _  Locg/Y
Ry
given by Ry (Xy) = R(X)pg(s) and Ly (W) = LW, where g is the mate of g under
the adjunction L 4 R. It is easy to see that if R preserves finitary coproduct then
so does Ry because finitary coproducts in any slice Loc/Z are created in Loc (this
is true of any category). To show that the conditions in (iii) of the main theorem
hold for the sliced adjunction, given an assumption that they hold for L 4 R, we
therefore need to show that there is a lifting Ly 4 Ry to the Kleisli categories given
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a lifting L 4 R of L 4 R; this is by appeal to Lemma 3.3. In fact we construct the
contravariant adjunction Ryop = Ly0p and our first step is to establish an order
isomorphism between the relevant sets of dcpo homomorphisms:

Lemma 6.9. There is an order isomorphism

TXf,Wq : deOY(QyXf, QyLy(Wg)) i deORy(QRyRy(Xf), QRng).
for any objects Xy and W, of Loc/Y and Loc/RY respectively. Ifn: Ly (W,) — X

is a morphism of Loc/Y then Tx, w,Qy (n) = Qryn where (_) is adjoint transpose
with respect to Ly 4 Ry .

Proof. Given the order isomorphism between such dcpo homomorphisms and weak
triquotient assignments (Lemma 6.7) this amounts to establishing an order iso-
morphism between weak triquotient assignments. Given a dcpo homomorphism
q: Qv Xy — QyLy(W,) there is a? the corresponding weak triquotient assign-
ment on X xy LW —"2» LW. Then ROp(aq) is a weak triquotient assignment on
RX xXgy RLW -™2» RLW by Lemma 6.3 and so by the pullback property of weak
triquotient assignments, since

Id X
RX xpy W —BX W px o oo RLW

2 2

7
W w - RLW
is a pullback square, there exists a unique weak triquotient assignment, b : Qr(RX X gy
W) — Qx(W) say, such that

W (Idpx x nw) = QrnqwR” (a)  Eqn. L

Define 7x, w,(q) by b = a™ " (q); i.e. 7x,w,(q) is the unique dcpo homomor-
phism over Shx(RY') whose corresponding weak triquotient assignment is b.

In the other direction if a” is the weak triquotient assignment on RX Xpgy
W —2» W corresponding to some dcpo homomorphism r : Qgy Ry (X¢) — Qpy Wy
then define ¢ : QF(X xy LW) — Q#(LW) to be the adjoint transpose of the
map

Or(RX x gy RLW) 220ImW) 0 (R % py W) —“e Qe (W)
with respect to the adjunction R” 4L, Consider the diagram,

Id x R Qe

—op

R
Q}'(RX XRY RLW) X Q}'(RX XRY RLW) — Q]:(RX X RY RLW)

Q]:(RX XRY RLW) X Q]:(RLW)

Qr(Idrx x nw) x Qr(nw) Qr(Idrx % nw)

Id xQ A
X P > Q]:(RX XRY W) X Q}'(RX XRY W)

Q]:(RX XRY W) X Q]:(W) Q]:(RX XRY W)

a” x Id a”

NoF(W)

Qr(W) x Qz(W) - Qr(W)
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The top square commutes because R (A) is frame meet (since R preserves the
co-diagonal and R is order-enriched) and EOpngQ = QO rmo. Since further we
have that

Nayy(a” x Id) < a" A, (rxxyw) (Id X Qr(m2))

by definition of weak triquotient assignment, it follows that the bottom and left
hand vertical composition in this diagram is less than or equal to the right hand
and top composition, i.e. that

/\Q]_.(W)(CLT X Id)(Q]:(IdRX X nw) X Q]:(nw))
< a"Qr(Idrx X nW)(EOP/\Qg(XXyLW)xId x R Qems).

The adjoint transpose (under R” A fOp) of the top and right hand composition
is ¢ Aag(xxyLw) (Idx Qems) since Id x R Qemsy = EOP(Id X Qgmy). Since we
also have that Zop/\Q}_W = Aq.rw the adjoint transpose of the bottom and left
hand vertical composition is Aq,rw (¢ x Id). Since the adjunction R” 4L" is
order-enriched it establishes an order isomorphism on homsets and so

Nasrw (e x Id) < CN\Qe (X xy LW) (Id x Qgms).

A dual argument, with binary meet in place of binary join establishes

cVae(xxyLw) (Id x Qema) < Va.rw(c x I1d),

and so ¢ is a weak triquotient assignment on my : X xy LW —— LW.

By applying R to ¢ and postcomposing with Q7 (nw ) we get the adjoint trans-
pose of ¢ (i.e. a"Qr(Idrx X nw)). Therefore the weak triquotient assignment on
my : RX xy W —— W obtained from c is again a” by the uniqueness of weak
triquotient assignments satisfying Beck-Chevalley for the pullback square,

Id
RX xpy W —2BX W px oy RLW

T 2

nw

W - RLW

On the other hand given any weak triquotient assignment a? on 79 : X Xy LW —— LW,
the adjoint transpose of bQz(Idrx X nw) (b defined from a? as in before Eqn I
above) is a? by application of Eqn I. We have therefore established an order isomor-
phism between weak triquotient assignments on 7o : X Xy LW —— LW and weak
triquotient assignments on ms : RX Xy W —— W, and therefore, by application
of Lemma 6.7, we have established an order isomorphism as required.

For the assertion 7x, w, Qy (n) = Qry (7) note that because a®™ () = Q(n, Idpw)

—=o0 Rn,Id
we have that R (a2¥(™) = Q(Rn, Idgrow)). Now RLW (B ldrraw)] by X RY

RLW is a splitting of the localic surjection RX X gy RLW ——Z» RLW and so by
Corollary 6.6 the unique weak triquotient assignment corresponding to 7x, w, 2y (n)
is equal to (7, Idy ) because there is a pullback square:
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W ULl - RLW
(?L,Idw) (Rn,IdRLw)
Idpx %
RX sy W —X 2 By o py RLW
It follows that 7x,w,y(n) = Qry(n) because a?ry () = (7, Idy) and so
Qry(n) is the unique depo homomorphism corresponding to the weak triquotient
assignment Q(n, Idw). O

The next step is to make Ry ™ functorial. It should be clear how Ry is going to
be defined on morphisms given that 7x, w, is a contravariant extension of the order
isomorphism Loc/Y (Ly (W), Xf) = Loc/RY (Wy, Ry (X)) induced by Ly 4 Ry
Definition 6.10. For any dcpo homomorphism q : Qy Xy —— QyX}, define
Ry ™ (q) to be

Qyexr
TXf,Ry(X},)(QYXf —q> QyX;c/ & QyLyRyXJ/u).
With this definition it is clear that ?YOP(th) = Qpry Ry (h) for any morphism
h of Loc/Y and so Ry extends Ry contravariantly.

Lemma 6.11. For any q : Qy Xy —— Qy X}, (i) R (a%) = o™ @ and (ii)
YEYRy ™ (q) = R™7Y (). It follows that,

(a) Ry is functorial,

(b) for X}, = LyWy, 7x,;.w,(q) = QrynwRy " (¢); and,

(c) TX; W, 15 natural in dcpo homomorphisms between Qy Xys.

Proof. For (i), by application of the first part of the naturality lemma (Lemma
6.8), we have that a®¥°x'? is equal to the unique weak triquotient assignment, b,
on m : X Xy LRX' —— LRX' such that ng([dX X EX/) = Qeexral. Now
consider the pullback diagrams

IdRX X NrRX' IdRX X REX/

RX XRyRX/ RX XRyRLRX, RX XRyRX/
) Uuwp) Uuw)
/ R ’
RX’ IRX - RLRX' X - RX'

The right hand side square is the image under R of the pullback diagram that is
used to define b. By definition aftv” (@ is the unique weak triquotient assignment on
my : RX Xy RX' —— RX’ such that aRYDp(Q)Qf(IdRX X NRx") = QfﬂRX/Eop(b).
Therefore EOp(aq) = oty (@ by the uniqueness part of Lemma 6.5 applied to the
whole diagram since R” (0)Q2(Idrx X Rex:) = QRex R’" (a?) and both the bottom
and top rows are identity maps.

For (ii), as was clarified after Lemma 6.7, we have that ) (¢) factors as

QgX B Qg(X Xy X/) i QgX/.



REPRESENTING GEOMETRIC MORPHISMS USING POWER LOCALE MONADS 23

So (ii) follows from (i) since v2Y (Ry " (¢)) factors as

o By P (a)

Q]:RX B Qy:(RX XRY RX) Q]:RX/.

(a) is immediate from (ii) since 7Y is faithful. For (b), a”*r"s(? is the unique
weak triquotient assignment on 72 : RX X gy W — W such that aXtWe (q)Q}-(IdRX X
nw) = Qrnw R (a?). By the naturality lemma a®#"w R (@) ig the unique weak

triquotient assignment on 75 such that aStFnw By ™ (9) Qr(Idrx xnw) = anWaRi”op(q)
and so (b) follows from (i). (c) is immediate from (a) and (b). O

It follows that Ry © < Ly © where on morphism Ly " is defined by,

Definition 6.12. For any dcpo homomorphism r : Qry Wy —— QRyW;, define
Eop(r) to be

_ Qr r
TLyl(wg),W;f(QRYRYLY(Wg) T Qry Wy —— Qry W)

That Ly " is functorial and right adjoint to Ry is immediate from the fact
that 7 is an order isomorphism that is natural with respect to dcpo homomorphisms
between {1y Xys. That the resulting adjunction Ly 4 Ry is a lifting of Ly 4 Ry
follows as it is shown above (Lemma 6.9) that 7x, w,Qy(n) = Qryn. It follows
that:

Theorem 6.13. The conditions contained in (iii) of the main theorem are stable
under slicing: if L 4 R : Locyg =— Locg is an order-enriched adjunction with R

preserving finitary coproduct and there is a monad isomorphism ¢ : RPg = PrR,
then for any locale Y over £, Ry in the sliced adjunction Ly 4 Ry : Loc}-/RY Locg/Y

preserves finitary coproduct and there is a monad isomorphism ¢y : RyPy — Pry Ry .

However for our proof of Proposition 6.1 we are going to need to be more explicit
about LyOp

Lemma 6.14. Ifr : QpyW; — QRng’/ is a dcpo homomorphism relative to
Shr(RY) then Y Ly " (r) = L™ yEY (r).

Proof. vEY (r) factors as QW Remy Qr(Wx gy W) -, QFW', and vY (Ly ™" (r))

Ly °P(r)

Qgﬂ'l a”Y

factors as Qg LW —— Qg (LW xy LW)
CLE p(T)Qgﬂ'l = fop(ar)QgLTrl

where 7y : LW xy LW’ —— LW (on the left hand side) and Lmy : L(W X gy
W'Yy —— LW (on the right hand side). Now, by the second part of the natu-
rality lemma (Lemma 6.8), the weak triquotient assignment corresponding to the
morphism Qgy Ry Ly (W) Snvaw, Qry W, . QRyWé/ used in the definition of
Iy (r) is

Qs LW’ so we need to check that

Q]:(RLW XRY W/) M Q]:(W XRY WI) i’ Q]:W/.

Therefore, from the definition of 771, we have that alv” () g equal to the adjoint
transpose (via R 4 L) of

Q]:(RLW XRY RLW/) M Q]:(W XRY W/) i’ Q]:W/.
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Hence alv™ (") ig equal to the map

QgELWXYLW’
_

QeLR(LW xy LW’) =+ QcL(RLW xpy RLW')
Qe L(nw Xny+) QgL(W X Ry W) ( ") Qe LW’

and the proof reduces to checking that Lm : L(W xgy W') —— LW factors

as LW xpy W) 200 1R IW %y RIWY) 2ET B prw oy

W) WY EW L gy xy LW' -1+ LW, this is clear because (i) TeLwxyLw: =

erw LR by naturality of e, (ii) LRmL(Rm,Rﬂ'Q) YL(nw x nw+) = LmiL(nw x
’I7W/) = anLﬂ'l and (111) GLWLUW =Idrw. O

Qe(LW xy LW')

6.3. Proof of Proposition 6.1.

Proof. Given Lemma 4.5 what is required is a proof that R (¢¥) = [R™ (¢)]®Y
for any dcpo homomorphism ¢ : Q¢ X7 — Q¢ X5. From the explicit description
of the natural transformation corresponding to a decpo homomorphism given in
[T03] it can be seen that ¢¥ is given by 7Y (v¥)#(q) so by part (ii) of Lemma 6.11
(which shows that vFY Ry () = R™~Y(_)) the proof reduces to checking that
Ry " (") # = (vBY)#R” via Qz(Rmy, Rmy). This follows from Corollary 3.4 with
D = Locx/RY, C = Locg and Xy Ly 4 RyY™* and LY gy - (RY)*R as the two
adjunctions. Here we are of course using the notation ¥y : Loc/Y —— Loc for the
forgetful functor and Y* for its right adjoint, the pullback functor. The corollary
is applicable since by Lemma 6.14 Y Ly p( ) = L or vEY (r); ie. ¥y Ly = L3Ry,

and (RY)*R = RyY™ via (Rmy, Rma) : R(_ x ) — R(_) X R(_). O

Note that Beck-Chevalley holds for the diagram of adjunctions,

Ly
Locs/RY —
Ry

Spy |4 (RY)* Sy |H|y*

Locg/Y

L

Locr Locg

The proof just given shows that Beck-Chevalley also holds for the lifting to Kleisli
categories of this diagram of adjunctions. Indeed, conversely, if Beck-Chevalley
holds for the lifting of the above diagram then R preserves the strength.

7. REPRESENTING GEOMETRIC MORPHISMS USING THE LOWER AND UPPER
POWER LOCALE MONADS

This section proves the equivalence of (iii) and (iv) of the main theorem. See,
for example, [JV91] for the definitions of the lower and the upper power locale
monads, Py, and Py respectively. The key property of their functor parts is that
for each locale X there is a universal suplattice (respectively preframe) homo-

morphism QX —*+ QP (X) (X D QPy (X)) such that for every suplattice
(respectively preframe) homomorphism p : QX —— QY there is a unique map
fo 1 Y —— Pr(X) (respectively f, : ¥ —— Py(X)) such that p = Qf,ox
(p = Qf,0x). The rest of the monad structure follows from this defining universal
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property of the functor Pr, : Loc —— Loc (Py : Loc —— Loc). The resulting
Kleisli category Locp, (Locp, ) is isomorphic to the opposite of the category whose
objects are frames and whose morphisms are suplattice (preframe) homomorphisms.

Definition 7.1. IfC is an order-enriched category with two monads T,=(T,,n%, n*)
and T,=(Ty,n°, ub) then a distribution isomorphism is a natural isomorphism 1 :
T, Ty — TpyT, such that the diagrams

T
P X
T.Tp v - TyT,,
Ty
and
1.1, L% o Y 1T,
T, Typ®
Ta'Tb 4 . Tb‘Ta
\ )
Top® 1,
T. Ty @» T, 1,1, M Ty, T,

both commute.

The notion of a distribution isomorphism is of interest because given two monads
and a distribution isomorphism a third monad naturally arises:

Lemma 7.2. If C is an order-enriched category with two order-enriched monads

T, and Ty for which there is a distribution isomorphism 1 : T, Ty =, Ty T, then
there is another order-enriched monad, T, given by

N Tt a
(TaTy, Id —1s T, T T Ty T Ty % Ty T Ty Ty 2% T, 1Ty T2 T,Ty).

Proof. The proof is a routine though lengthy diagram chase. ([l

The paper [JV91] provides an example of a distribution isomorphism by effec-
tively showing that there is a distribution isomorphism between the lower and
upper power locale monads. Indeed it was the observation that the lower and up-
per power locales commute and so give rise to a third power locale (the ‘double’
power locale) which initially attracted interest in the study of P. The distribution

isomorphism, ¥x : PrPy(X) —. Py Pr,(X), is the unique locale map such that
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map QYxUOp, xox = op, xOx. Note, ([JV91)), that both Op, xox and op, xOx
are universal decpo homomorphism (with codomains QP Py (X) and QPy Pp(X)
respectively).

Our final definition provides clarity on the terms used in the statement (iv) of
the main theorem:

Definition 7.3. If C and D are two order-enriched categories each with two mon-
ads; TC, Tg, TP, and ']I‘l?, for which there are two distribution isomorphisms,
e Tachc — TbCTaC and P : TPTP — TPTP, then for any F : C — D for
which there are two monad opfunctors ¢* : FTS —— TPF and ¢° : FT,f — TbDF
then F is said to preserve the distribution isomorphism up to the monad opfunctors
provided the diagram

F C
FCTf s FTETS
a b
TE TS
Y Y
TPFTf TPFTC
12" TP
Y

Y ’l][}D
TPTPF —E. TPTPF
commutes.

With this we can now establish (iii) implies (iv) of the main theorem: Lemma
5.7 shows how to lift L 4 R to the Kleisli categories of Pr, and since the proof of
that lemma works equally well with finitary frame meet in place of join it is also
clear how to lift L 4 R to the Kleisli categories of Py;. This results in two monad
isomorphisms ¢* : RPE — PL]: R (which, for each locale X over £ corresponds
to the unique frame homomorphism Qz¢% such that Qr¢lory = EOP(OX)) and
¢V : RPE —— PJ R (such that Qr¢{0rx = R (Ox) for each X). So to
complete a verification of (iii) implies (iv) of the main theorem it remains to check
that R preserves ¢ (up to ¢* and ¢V). Because DPLf(RX)oRX is a universal dcpo

homomorphism (from Qz(RX) to QzP% P{ (RX)) to prove that R preserves 1 it
is sufficient to check, for each locale X over &, that

Qf(R?ﬁf()Qf(¢ggx)9f(P§¢§()ng(RX) ORX (I
is equal to
Qf(¢lﬁgx)97(Pf¢g]{)Qf(ng)DPLT(RX) ORX - (1)
(I) is equal to
Qf(Rwi)Qf(¢gfx)DRPg(X)QF(¢§() ORX
= Qp(RY5)R™ (Ope ()R (0x)
= ROP[QS(iﬁg()DPf(X)OX]
= R (ope(x)Ox)-



REPRESENTING GEOMETRIC MORPHISMS USING POWER LOCALE MONADS 27

(IT) on the other hand is equal to

Q}'(d)égx)Q]—'(Pg:(bg]() opz(rx) URrX
= Qf(ﬁbfagx) ORPE(X) Qr(6%)0rx

= ROP(OPg(X))EOP(DX)
—op

This completes our verification of (iii) implies (iv) of the main theorem.

In the other direction, given an order-enriched adjunction L 4 R with ¢, :
RPL“: — Py Rand ¢y : RPg — Pg—R such that R preserves v : PPy —» Py Py,
then to complete a proof of (iv) implies (iii) two final facts need to be checked: (a)
there is monad isomorphism ¢ : RP¢ —— PzR and (b) R preserves finitary co-
product. For (a) note that because P arises from the lower and upper power locale
monads (as in Lemma 7.2) we can rely on a general proof that if there are two
monad isomorphisms (and R preserves the given distribution isomorphism) then
there is a monad isomorphism on the composite monad and for this it is sufficient
to show:

Lemma 7.4. Given a distribution isomorphism with F preserving it as z'n Defini-

d>
tion 7.8, then ¢ : FTS, —— TEF given by FTSTS —~ TDFTC TDTDF
is a monad opfunctor

Proof. The proof is a routine diagram chase. For the first diagram in the definition
of a monad opfunctor, note that
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commutes because ¢® and ¢’ are monad opfunctors. Finally notice that the diagram

QS%C TaD gwc an¢%c TD ¢b
C a D roC a D oC D C b D
FTabab — Ta FTbab - TabFTab - TabaFTb — ababF
FT5(4) e TPF(WC) e T2 (WP) e TP WP) o
v ¢a D pa D 4b Y D b \
TS a Y18 aa¥'re T
FTgu, s T FTgy ——> T FTy, F Lo e Tew® o p
F C,a D,a D,a D,a
Hre Ppre Ko pre Hrep
v a 4 TD¢b v D b Y
TS a ¥rc T
FTS, b - TPFTE, £ gopre _Tw® o p
FTC,Cb TD F,C:b TD D,b
a ,LL a :u a MF
Y a Y Y
TC TP pb
FTS, d ~ TPFTE i - TPF

commutes (where we are following the notation Tppe = T,TpTe etc). To see this
note that the rectangle in the first row commutes as F' preserves the distribution
isomorphism, the rectangle in the middle row commutes and the bottom right
rectangle commutes because ¢® and ¢® respectively are monad opfunctors. The
other squares and rectangle commute by naturality. (Il

Lemma 7.5. Given an order-enriched adjunction L 4 R : Locx .— Locg with
a monad isomorphism ¢y, RPLg = PL}-R, R preserves finitary coproduct.

Proof. Because there is a monad isomorphism there is a lifted adjunction R HT™
between categories whose objects are frames and whose morphisms are suplattice
homomorphisms (i.e. between the opposites of the Kleisli categories of PLE and
P{). For any locale W over F,

Supz(QrR0s, QrW) = Supe(Q:0s, Qe LW)
{=}
Sup £(Qr0x, QrW)

1%

1%

naturally in suplattice homomorphisms between QzWs. It follows that R0g =2 0.
For binary coproduct say X; and X5 are locales over £. Then,

Sup]_—(Q]:R(Xl +X2),QfW) = Supg(Qg(Xl —I—Xg),QgLW))
= Supg(Qe X1, Qe LW) x Supg (e X2, Qe LW)
= Supz(QrRX1, QW) X Supx(QrRX2, QrW)

naturally in suplattice homomorphisms between QxWs. It follows that QrR(X; +

Xs) is the suplattice coproduct of QrRX; and QrRX; and so R(X; + Xa) &

RX, + RX> since suplattice coproduct is given by set theoretic product.
Intuitively this completes the proof, however to properly complete the proof we

do need to also check that it is indeed the canonical map RX1+RXo M R(X 1+
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X>) that is the isomorphism in question. Firstly note that by looking at the image of
the identity Idq, r(x, +x,) under the order isomorphisms above it can be seen that

R” ]_LS : QFrRX; — QrR(X1+Xs) for i = 1,2 are the suplattice coprojections to
QrR(X1+X5) where Hf 1 Qe X; — Qg (X1+X32) are the suplattice coprojections
(so, Hf(a) = (a,00x,) and ]_[“;(b) = (0ax,,b)). Notice that since Q¢ [, ]_[;9 =1Id
for i = 1,2 and Qg]_[z]_[f = 0 for ¢« # j we have that Q}-R]_Iiﬁoz)]_[f =1Id
for i = 1,2 and QzR]], R” ]_[f = 0 for i # j; the last because R’ preserves
the zero map since it is left adjoint to the unique map back to €0 and we have
established that R preserves the zero object. If we then define a suplattice homo-
morphism ¢ : Qz(RX; + RX,) —— QrR(X, + X3) by ¢(a,b) = R” Hfa v
R™ Hgb then certainly Qz[R][;,R[[;J¥ = Id because Qr[R][,,R[[,](c) =
(QrRI1;(c), 2xR]],(c)). But to prove that vQr[R][;,R]][,] = Id it is suffi-
cient to prove that YQ#[R[],, R][JR™ ]_[ZS =R” ]_[f for ¢ = 1,2 since we have
noted that R ]_[f are the suplattice coprojections. This last is immediate from
the properties Q¢ R[], and R” ]_[;q already noted and so [R[[;,R]][,] is an iso-
morphism and the proof is complete. (I

8. FINAL COMMENTS

For this paper, applying the techniques of [T10b], we have established that geo-
metric morphisms can be represented as those adjunctions between the correspond-
ing categories of locales that commute with the double power locale monad and for
which the right adjoint preserves finite coproduct. Additionally it has been shown
that geometric morphisms correspond to adjunctions that commute with the lower
and upper power locale monads and for which the right adjoint preserves the dis-
tribution between the lower and upper power locales. Along the way we have, in
effect, made the technical observation that the key to proving the representation of
geometric morphisms in this manner is knowing that the right adjoint also preserves
the strength of the double power locale monad.

In fact the power constructions can be developed axiomatically (e.g. [V95] and
[T05], though for this last see [VT04] for the driving observation which shows how to
interpret the double power construction as an exponential). It is therefore possible
to develop a categorical account of geometric morphisms. A ‘categorical’ geometric
morphism is an adjunction that commutes with the power locale monads. In such a
context it is clear what a localic geometric morphism should be and, further, if one
defines a hyperconnected geometric morphism to be corresponding to an adjunction
such that L1 22 1 it is possible to prove that every (categorical interpretation of)
a geometric morphism factors uniquely as a hyperconnected geometric morphism
followed by a localic one. The proof is essentially straightforward and relies on a
categorical proof of the slice stability result above (Theorem 6.13) available since
there is a categorical account of weak triquotient assignments in locale theory,
see [T10a]. However, the situation would be much more appealing if one could
show that, categorically, the property of commuting with the power locale monads
implies that Frobenius reciprocity holds of the pullback adjunction. This is true
for categories of locales ([T10b]) and were it to be true categorically then the
categorical account of the hyperconnected-localic factorization would be pullback
stable. In other words this extra step would mean that the categorical situation is
more in keeping with what we know to be the case from topos theory. In summary,
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whilst the main result of this paper shows that the notion of geometric morphism
is closely related to the power locale constructions, to develop the theory further it
appears that more work is required on categorical interpretations of locale theory.
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