The patch construction is dual to algebraic depo
representation
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Abstract

Using the parallel between the preframe and the suplattice approach
to locale theory it is shown that the patch construction, as an action on
topologies, is the same thing as the process of recovering a discrete poset
from its algebraic depo (ideal completion).

1 Introduction

There is a fundamental observation in the theory of partially ordered sets that
any partially ordered set (poset) can be recovered from its ideal completion. An
isomorphic copy of any poset can be found as the subset of compact elements
within its own ideal completion. Turning to a seemingly completely different
area, given a compact Hausdorff poset (X, <), with < therefore necessarily a
closed subset, we can form a new topology by looking at the set of complements
of upper closed and topologically closed subsets of X. Then, via the patch
construction (4.5 [J82]), the original compact Hausdorff poset can be recovered.
The purpose of this paper is to show that both these results can be derived
using the same abstract argument.

Both these motivational observations can be expressed as categorical equiv-
alences. The former is the statement that the algebraic directed complete par-
tial orders (algebraic dcpos), with compact element preserving depo homomor-
phisms, is equivalent to the category of partially ordered sets and monotone
maps. The latter is the statement that the sober stably locally compact spaces
(with perfect maps) is equivalent to the category compact Hausdorff posets with
monotone maps. The truth of the former equivalence is central to lattice theory
being a key aspect of the theory of algebraic lattices which emerged in univer-
sal algebra through the study of congruences (say, [BF48]). This equivalence
also allows for the information system approach to denotational semantics to
develop and so impacts on theoretical computer science, [S82]. By placing the
discrete topology on a poset and the Scott topology on its algebraic dcpo, the
equivalence can be viewed topologically. As for the latter equivalence between
compact Hausdorff posets and sober stably locally compact spaces, the germ
of this idea can be found by combining Priestley’s duality, [P70], with Stone’s
representation theorem for distributive lattices, [S37]. The equivalence first ap-



pears in [G80] though see [H84] for more detail. The equivalence is an important
aspect of topological lattice theory.

In fact both equivalences work localically; that is, they can be stated and
proved relative to the category of locales (as opposed to the category of topo-
logical spaces). The locale theory approach to topology takes as its primitive
complete Heyting algebras, viewing these as topologies and thereby sidestep-
ping the need to define an ambient set of points, [J82]. The former equivalence,
localically, exhibits the algebraic dcpos (here called ideal completion locales, as
objects within the category of locales) equivalent to the discrete localic posets.
This is an easy theorem from the definitions in locale theory. The latter exam-
ple exhibits the stably locally compact locales (what else?) equivalent to the
category of ordered compact Hausdorff locales. The advantage of the localic
statement of the results is that they are valid in an arbitrary topos and so are
logically more general than the usual topological results. The motivational re-
sults can be recovered, the former trivially and the latter by appealing to the
spatiality of compact Hausdorff locales (using the prime ideal theorem). The
second pay-off of moving to locales, which we hope to exhibit in this paper, is
that under an order duality ([T96], [T06], [T05]) compact Hausdorff corresponds
to discrete and that further under this duality the latter and former equivalences
are the same result.

The first section covers the basic definitions of locale theory, and sets up the
definitions of the various lattice theoretic maps that we will be needed (suplattice
and preframe homomorphisms). The second section provides a representation
theorem for both open relations on discrete locales and closed relations on com-
pact Hausdorff locales. The representation is in terms of suplattice and preframe
homomorphisms respectively. Both representations map relational composition
to function composition. The next section shows that by splitting idempotent
suplattice (and preframe) homomorphisms between frames what we informal
name “up-set” locales arise and that, by construction, these have a Lawson
style duality. This section is a specialization of the previous section and ends
with some technical observations on how the evaluation map on the duality cor-
responds to the ordering on the poset of which an “up-set” locale is constructed.
Section 4 contains the key technical result which shows how to recover any poset
from its “up-set” locale. The proof reasons with suplattice homomorphisms for
discrete posets and follows identical reasoning on preframe homomorphisms for
ordered compact Hausdorff locales. Section 5 then clarifies that these “up-set”
locales are in fact well known and correspond to the ideal completion locales
(i.e. locales whose posets of points are ideal completions) and the stably lo-
cally compact locales. We can then state the key technical result as our main
theorem:

Theorem 1 (i) There is a bijection between discrete locales and ideal comple-
tion locales,

(i) There is a bijection between ordered compact Hausdor(f locales and stably
locally compact locales.

Let us briefly outline the central argument. Given a partially ordered set



(X, <), the power set of X embeds into U (X x X), where U denotes taking
the set of upper closed subsets. Any subset I of X maps to

RIEUielliX 1.

Certainly R; enjoys
Rr=<;(RrnA);<

where A is the diagonal and ; denotes relational composition and indeed any R
which enjoys this property must be of the form R; for a unique subset I. Thus
PX, the power set of X, can be recovered from U(X° x X) by looking at the
fixed points of some idempotent endomorphism on U (X x X). Moreover this
endomorphism can be defined purely in terms of relational composition (and,
we shall see, can be defined without reference to the relation <). Thus we can
obtain the opens of the discrete space X by an argument involving relational
composition. But, the category of compact Hausdorff spaces is regular (for
example, by Manes’ theorem [M67], [M69]) and so relational composition is also
available. For any compact Hausdorff poset (X, <) one can form a space whose
opens are the complements of upper closed and topologically closed subsets;
this is analogous to U(-). Provided we can demonstrate that morphisms on
this set of opens correspond to relations on X (and that function composition
corresponds to relational composition) the same argument is available and the
opens of any compact Hausdorff poset can be recovered. It then becomes routine
to verify that this is the known patch construction. The main insight for the
paper is therefore that the patch construction, as an action on topologies, can
be interpreted spatially and is the compact Hausdorff analogue of the process
of backing out PX from U (X x X).

That there might be a parallel between the patch construction and infor-
mation system representation is first explicit in [T96], under the guidance of
Vickers. What is omitted there is any sense that the techniques needed for
localic patch are the same as the techniques needed for backing out a localic
discrete poset from its algebraic dcpo; but with the result presented here this
is now available. With the proviso that we must define, abstractly, a stably
locally compact locale to be the ‘up-set’ of an ordered compact Hausdorff poset,
the techniques of [Ta00] or [T05] can be applied to ensure that this parallel is a
formal categorical order duality.

2 Locale Theory Background

In this section we recall the basic definitions of locale theory. A frame is a com-
plete lattice for which arbitrary joins distribute over finite meets, the motivating
example being the set of opens of a topological space. A frame homomorphism
is required to preserve arbitrary joins and finite meets, and so the category Fr
is defined. The category of locales, Loc, is by definition the opposite of the
category of frames (same objects, but formally reversed arrows). We follow a



notation whereby a frame is always denoted 2.X, and X is called the correspond-
ing locale. Frame homomorphisms are written Qf : QY — QX ,so f: X - Y
is the corresponding locale map. Consult [J82] for background on basic lattice
theory and the theory of locales. The initial frame is the power set of the sin-
gleton set {*} and we write Q = P{x}, so 1, the frame of the terminal locale,
is written Q.

Weaker than frame homomorphisms we have preframe homomorphisms (PreFr),
required to preserve directed joins and finite meets, and suplattice homomor-
phisms (sup) required to preserve arbitrary joins. These weaker notions are
central to locale theory since locale product can in fact be described using ei-
ther suplattice tensor of preframe tensor. For any locales X, Y

QX @prerr QY 2 QX X Y) = QX @gyp QY. (+)

That such tensors can be defined as universal objects is shown for suplattice
tensor in [JT84] and for preframe tensor in [JV91]. Taking ¥ = 1 we see that
Q) is the unit both for preframe tensor and suplattice tensor; that is,

QX Qprerr N = O0X = OQX Qsup Q

and we shall pass through both order isomorphisms without notation in what
follows. If A : X — X x X is the diagonal then for any opens a,b € QX we
have both

QA(a®@b)=aAb

and
QA(a®b)=aVd

where ® is suplattice tensor and © is preframe tensor. To see the latter from
the former note that the order isomorphism (x) relates ® to © via

a®b=a®1V1®D.

A locale X is said to be open provided the unique frame homomorphism
QX . Q — QX has a left adjoint. Such a left adjoint is necessarily a suplattice
homomorphism. If X is a set then PX is the frame of opens of an open locale
since 3x : PX — Q, defined by 3x(I) = 1 iff Ji € I, is the left adjoint.
Extending the notation, if f: X — Y is a locale map then

3 : QX - QY

denotes the left adjoint to Qf : QY — QX when it exists. Say, as an example,
X is an open locale and Y, W are two other arbitrary locales then for

T3 Y X X xW Y xW

we have

E|7T13 = Idoy ® Jix ® Idow



where we use Id to denote the identity morphisms. This can be derived by
appealing to uniqueness of left adjoints. In what follows we will also need,

Jrs = Idow @ 3n,

where mg : X x W — W. This again follows by uniqueness of left adjoints.

By exchanging suplattice homomorphism with preframe homomorphism and
‘left adjoint’ with ‘right adjoint’, the same analysis exists for compact locales.
A locale X is compact if the right adjoint to Q!X : Q@ — QX is a preframe
homomorphism. If (X, 7) is a topological space then it is compact if and only
if 7 is the frame of opens of a compact locale. To see this construct the map
Vix : 7 — Q given by Vix (U) = 1 iff X = U, it is a preframe homomorphism if
and only if (X, 7) is a compact topological space. The general notation is

Vi QX — QY

for the right adjoint of any frame homomorphism Qf : QY — QX. Such a right
adjoint always exists; but we will only be interested in it when it is a preframe
homomorphism. As in the suplattice analysis we have

Vmg = Idqgy O Vix © Idow

for mz : Y x X x W — Y x W with X compact and Y, W arbitrary. As an
action on preframe generators this sends b®a®cto bOcV Vo, loy@premQw -
Also,

Vﬂlg = IdQW O] vﬂ'Q

where mg : X x W — W.

A locale map i : Xg — X is a sublocale (or Xy is a sublocale) if i is a frame
surjection. Sublocales of X can be ordered in the obvious manner by saying
that i : Xo < X is less than or equal to i’ : X} — X if and only if ¢ factors via
i’. For any a € QX there are two frame surjections:

Qig : QX —]a
b — aAbd

and

Qing : QX —Ta
b — aVb

The corresponding sublocales are denoted a <— X and 'a — X respectively and
are known as open and closed sublocales. It is important to note that, in this
context, 'a is not the Heyting negation of a but is notation for the sublocale
that is the closed complement of the open sublocale a — X. 3, exists for open
iq and V. is a preframe homomorphism for closed i-,; notice that a« = 3;_(1)
and a =V, (0). Using OSub(X) (respectively C'Sub(X) ) to denote the poset



of open sublocales (respectively closed sublocales) it can be checked that there
are order isomorphisms,

OSub(X) 156
CSub(X) = QX

Il

These allow our intuitions about closed and open subsets to be turned into
formulae on opens, i.e. into lattice theory. To give a good example of this we
need first to define when a locale is discrete and compact Hausdroff.

Definition 2 (i) A locale X is discrete if it is open and the diagonal A : X —
X x X is an open sublocale.

(i) A locale X is compact Hausdorff if it is compact and the diagonal A :
X — X x X is a closed sublocale.

The full subcategory of Loc consisting of the discrete locales is equivalent to
the category of discrete topological spaces, i.e. to Set ([JT84]). The full subcat-
egory consisting of the compact Hausdorff locales is equivalent to KHausSp the
category of compact Hausdorff topological spaces ([V91] and [J82]). So we have
not generalized or specialized by moving to locales, at least as far as these two
classes of spaces are concerned. This is worth re-stating. The category of sets is
the same thing as the category of discrete locales and the category of compact
Hausdorff spaces is the same thing as the category of compact Hausdorff locales.

Both the category Set and the category KHausSp are regular; that is,
they have finite limits and pullback stable image factorizations (A1.3 [J02]).
Set is trivially regular and KHausSp is well known to be regular, for exam-
ple by appealing to Manes’s theorem. In any regular category an associative
relational composition can be defined using image factorization. The identity
of this relational composition is the diagonal (A3.1.1/2 [J02]). Localically we
have formulae for image factorization and hence for relational composition, and
these formulae will a take central role in what follows:

Proposition 3 (i) If f : X — Y is a locale map between discrete locales then
35 : QX — QY exists and as an action on open sublocales takes a — X to the

. f
image of a — X =Y.

(is) If f + X — Y is a locale map between compact Hausdorff locales then
Vi QX — QY, as an action on closed sublocales, takes "a — X to the image

of7a<—>Xi>Y.

(ii) is demonstrating that the lattice theoretic map V is carrying the spatial
intuition of image factorization for closed sublocales.

Proof. Check the proposition for Set and KHausSp and then use the fact
that discrete spaces and compact Hausdorff spaces are equivalent to discrete
locales and compact Hausdorff locales respectively. m



3 Relational Composition

In this section formulae on opens are developed that express both discrete and
compact Hausdorff relational composition.

Certainly if Ry — Y x X and Ry — X X W are open sublocales for discrete
Y, X and W we can define their relational composition,

Rl;RQ = {(j, k) | di with (],’L) € Ry and (Z, k) S RQ}
or, expressed as an open
Rl; RQ = El‘fl'l:s(l X QA X 1)(R1 X Rg)

since Jr,; 1 QY Rsup 02X Qsup QW — QY Qgup QW is image factorization. Now
Jr,, exists even if Y and W are not necessarily discrete, since we have noted
that 3.,, = Idoy ® Jix @ Idow. Although the spatial intuitions may not apply
for general such Y and W, we will still use the term relational composition to
define this action on sublocales.

In exactly the same manner we can define relational composition for "R; —
Y x X and "Ry — X x W closed sublocales of compact Hausdorff Y, X and W;

"Ri; 'Ry =Vr, (10 QA O 1)(Ry © Ry).

This is the correct formula since V,, is image factorization in the category of
compact Hausdorff locales. Similarly to the discrete case there is no requirement
that Y and W be compact Hausdorff.

Remark 4 (Vickers) It is worth checking that this makes sense spatially. If
R =b®a and Ry =a O ¢, then (y,w) ¢ 'Ry; 'Re if and only if

(y,Z) ¢—|R1 or (Z7U)) ¢1R1
for all z, i.e.
(y,2) €bOa or (z,w) €Ea®ec

for all z. So the complement of "Ry; "Ry is the open bOcV V| vz 1oy @prem QW s
ie. V(1O QA G 1)(R1 ® Ry) as required. B

We are now in a position to prove a central technical lemma. The suplattice
version of this lemma, (i), is basic locale theory and the preframe version, (ii), is
a key technical step in [T96]; though note it also appears in [V97]. The expert
might recognize (ii) as a corollary to the Hofmann-Mislove theorem carried out
in the topos of sheaves over W.

Lemma 5 Let W be an arbitrary locale then
(i) For any discrete locale X there is an order isomorphism

OSub(X x W) = sup(QX, QW)

and relational composition maps to function composition.



(i) For any compact Hausdorff locale X
CSub(X x W)°? = PreFr(QX, QW)
and relational composition maps to function composition.

Given a relation R — X x W we will send it to some ¥ : QX — QW
in the proof to follow. The assertion ‘relational composition maps to function
composition’ is the requirement that ¥ gtr = Y/, gr where R’ — Y x X is some
other relation with Y discrete (or compact Hausdorff for part (ii)).

Proof. (i) Given R — X x W send a — X to a; R — W. As formulae on
opens this amount to defining ¢ : QX — QW to be

a — 3, (Qm(a) A R),

clearly a suplattice homomorphism. Since ©g is defined via relational compo-
sition it is clear that relational composition maps to function composition by
associativity of relational composition.

In the other direction send any suplattice homomorphism 1 : QX — QW to
the open Ry, = (Idox ® ¥)(3a(1)). Now for any a € QX

a = T, (Qr1(a) AIa(1))

this is because a; A = a as A is the identity with respect to relational composi-
tion. But for the projection mo : X x X — X in this last equation we have that
3z, = Jix ® Idgx and so by applying 1) we obtain

P(a) = PEx @ Idax)[(Qmi(a) A3a(1)]
= 371-2 (IdQX ® TZJ)[QWl((I) AN HA(l)}
= 3r, (Qmi(a) A (Tdax @ ¢)[Fa(1)])
where the last line follows from recalling that Qm1(a) = a ® 1. Therefore ¢ =
VR, -

Finally, since R = A; R, it is sufficient to check that (Idox ®9Yr)(R) = R; R
for any R <— X x X. Now for m13: X x X x W — X x W we have

3 = (Idgx®3!x ®IdQW)

= Idox ® 3,

13

and so it is sufficient to verify
12 QA®1)(R® R) = (Idox @ [Qm1(2) A R)(R).

This can be done by looking are suplattice generators, i.e. checking for the case
R =a; ®az, R=a®b, or noting that the map

(Idax ® [Qmi(-) A R))(R)
(Idaox @ QAxxw)(Idox ® Qm @ Idox @ Idow )(R® R)
= 1®2A®1)(R®R)



where the third lineis clear since 1 X A X 1: X X X xW - X x X x X x W
factors as

IXAxxw Ixmyx1x1

XXXXxW =" Xx(XxW)x(XxW) =" XxXxXxW.

It is clear, from construction, that this bijection preserves order and we have an
order isomorphism as required.
(ii) The proof is exactly the preframe parallel. It is included for completeness.
Given 'R — X x W send 'a — X to Ta; 'R — W. As formulae on opens
this amount to defining ¥r : QX — QW to be

a+— Y, (Qmi(a) V R),

clearly a preframe homomorphism. Since g is defined via relational compo-
sition it is clear that relational composition maps to function composition by
associativity of relation composition.

In the other direction send any preframe homomorphism ¢ : QX — QW to
the open Ry = (Idox © ¢)(Va(0)). Now for any a € Q.X,

@ = VYo, (1 (@) AVA(0))

this is because a; A = a as A is the identity with respect to relational composi-
tion. But for the projection m5 : X x X — X in this last equation we have that
VY, = Vix © Idox and so by applying 1) we obtain

Pla) = Vu,(Idox ©¢)(Qmi(a) VVa(1))
Vo, (@1 (a) V (Idox © ¢)[Va(1)])

where the last line follows from recalling that Qm(a) = a ® 0. Therefore ¢ =
YR, B

_ Finally, since "R = A; 'R, it is sufficient to check that "(Idox © ¥g)(R) =
TR; 'R for any 'R — X x X. Now for mi3: X x X x W — X x W we have

Y = (IdQX O Vx @IdQW)

= Idgx @V.,rz

13

and so it is sufficient to verify
10QAO 1) (RO R) = (Idox ® [Qm1(0) V R]))(R).

This can be done by looking are preframe generators, i.e. checking the case
when R =a; ®as and R = a ® b, or noting that

(Idox © [Qm(0) V R])(R)
(Idox ® QAxxw)(Idox ® Qm © Idox © Idow )(R® R)
= 100A601)(ROR).



]

In (i) when W is, along with X, also discrete then the result is a well known
exercise: For any sets X and W, subsets of X x W are in bijection with suplattice
homomorphisms PX — PW. If further W = X we can use the lemma to give
a characterization of the main properties of relations. For example a relation
RC X xXis

(i) reflezive iff v > Id
(ii) transitive iff Ypyr < g and
2 (Yrer ® Id)(3a (1)) A (YR @ Id)(3a(1)).

If R is reflexive, transitive and anti-symmetric then we of course use the notation
<x for R, and use 7 (respectively |) for )r (respectively ©¥gop).

The situation for compact Hausdroff X is the same but the directions of
the inequalities are reversed as the bijection of (ii) is order reversing. A closed
sublocale "R — X x X is

(i) reflexive iff vp < Id
(ii) transitive iff Ypyrg > g and
< (Yrer © 1d)(Va(0)) V (Y& © 1d)(Va(0)).

An ordered compact Hausdorff locale is, by definition, a compact Hausdorff
locale X together a closed relation << X x X which is reflexive symmetric and
transitive. The notation 17 (respectively |°7) is then used for ¢< (respectively
>). This is by analogy with category theory where if F' : C — D is some functor
then the notation F°P : C°?— D can be used for the same functor but acting
on the dual categories.

As a final example of the applications of this lemma, let us see how it can be
used to turn spatial intuitions about locales into true statements about suplat-
tice and preframe homomorphisms. Say K and I are some subsets of a partially
ordered set (X, <). Then

(iii) anti-symmetric iff A (1)

(iil) anti-symmetric iff VA (0)

FielKn|I) = Gke KN | 1)

is certainly a true statement about the elements of X. Now this statement
can be expressed in terms of relational composition as it is saying exactly that
the relation T K — 1 x X when composed with | I — X x 1 is less then
or equal to the composition of K — 1 x X followed by | [ — X x 1. But
since T K = K;< and | I =<;[I this is immediate by the idempotency of
< with respect to relational composition. The corresponding statement about
suplattice homomorphisms reads:

QA K@ | I) < IxQA(K® | I).

Since this is a consequence of an argument involving relational composition we
can apply it to compact Hausdorff (X, <) to obtain

Vix QAP K& P T) > Vix QA(K® |7 1)

10



for any opens K and I in QX by using part (ii) of the lemma. Both formulae
are used below.

4 Extending Relational Composition to Locales
of Upper Sets

This section is mostly technical indicating how the previous lemma specializes
when W = X and X is a poset.

If (X, <) is a (discrete) poset then the fixed points of 1: PX — PX are (in
order isomorphism with) the upper closed subsets of X. If (X, <) is an ordered
compact Hausdorff locale then the fixed points of 4°P: QX — QX are (in order
reversing isomorphism with) the upper closed sublocales of X. Both fixed sets
are frames, and the most general result that can be called on to show this seems
to be:

Lemma 6 Let X be any locale then

(i) If ¥ : QX — QX is an idempotent suplattice homomorphism then the
fized set of 1 is a frame.

(i) If ¢ : QX — QX is an idempotent preframe homomorphism then the
fixed set of 1 is a frame.

Proof. (i) Certainly A = {a € QX | ¥(a) = a} is a subsuplattice of QX.
Given a,b € A we have that a Aq b = ¢(a Aqx b) by an easy calculation. For
any subsets Ag of A and any b € A

(\/aer a)Aab

v\, @) hax D
w(\/aer aNax b)
= \/aer 7,/}(0, N x b)

= \/aera/\A b

and so the infinitary distributivity law holds as is required to prove A is a frame.

(ii) Almost identical argument. Following the same notation as in (i), for
a,b € A we have that a V4 b = ¥(a Vax b). It remains to check the finite
distributivity for A and this follows the same pattern as the infinite distributivity
calculation just given. m

Certainly T: PX — PX and f°P: QX — QX are idempotent given that
partial orders are both reflexive and transitive and the sets of their fixed points
are then frames by the lemma. We use the (standard) notation UX for the
fixed points of 7: PX — PX and the notation QX for the fixed points of
1°P: QX — QX.

11



When creating 4 X we are splitting an idempotent. So T: PX — PX factors
as a suplattice surjection follows by a suplattice inclusion, denoted, say

g : PX->UX
i1 UX — PX

where g9t = Idyx. Thus UX is both a split suplattice quotient and a split
subsuplattice of PX. This has application key to our considerations. For any
locale W, suplattice homomorphisms ¢ : QW — UX are in bijection with
suplattice homomorphisms ¢ : QW — PX which enjoy T ¢ = ¢; this is using the
fact that U X is a split inclusion. On the other hand suplattice homomorphisms
¢ :UX — QW are in bijection with suplattice homomorphisms ¢ : PX — QW
which enjoy ¢ 1= ¢; this is using the fact that /X is a split surjection. These
bijections are found by composition with g; or i1 and so are necessarily order
isomorphisms. Taking QW = U X in both observations we get:

Theorem 7 (i) For any poset (X, <x), there is an order isomorphism
UXP x X)2supUX,UX).

(i) For any ordered compact Hausdorff locale, (X, <), there is an order
isomorphism o
Q(Xr x X) = PreFr(QX, QX).

Proof. (i) The preamble establishes an order isomorphism between sup (U X, UX)
and relations R — X x X which enjoy

R=<x;R;<x .

But such R are in bijection with the ‘upper closed’ subsets of X x X for the
ordering (i,7) < (¢/,7) iff ¥/ <x i and j <x j'; we are using the notation
X°P x X to refer to X x X with this ordering and so are done.

(ii) Identical argument since the splitting of 11°P: QX — QX exhibits QX
both as a split subpreframe and as a split preframe quotient. m

Notice that under the bijection in (i), morphisms ¢ : UX — UX map
to (1 ® i19¢1)(3a(1)) as we are specializing the bijection OSub(X x W) =
sup (X, QW) given in the previous section. So, for example, the identity on
UX maps to the relation <x<— X x X. Identical comments apply to compact
Hausdorff X.

As a final application by taking W = 1 in (i) and (ii) of the previous lemma
one obtains,

UXP =supUX, Q)

and o
OXer = PreFr(QX,Q)

the former being well known (for example being an aspect of the self duality of
the category of suplattice, [JT84]), the latter being, essentially, Lawson duality

12



([L79]). Using the former notice that

sup(UX Qsup sSUp(UX,),Q) = sup(sup(UX,Q),sup(UX,Q)) ()
>~ sup(UXP,UXP)
U(X x XP)

2

I

and so the evaluation map corresponds to a relation on X x X°P. Since the eval-
uation map is, by definition, the image of the identity Idsypwx,n) under the
bijection (x), it is clear that the evaluation map, under these bijections, corre-
sponds to the relation >x<— X x X°P. This is key as it gives us a representation
of the order relation which is available using only the frame /X . In the same
manner there is a representative for the partial order on any compact Hausdorff
X, using only the frame QX. In practice however we will find that the following
representative of the evaluation map in terms of relational composition is the
most useful:

Lemma 8 (i) If (X, <) is a poset then under the bijection UX P = sup(UX, )
the evaluation map is given by
L[(XOP) ®sup Z/[(X) — Q
I®J +— Ix({INJ).
(i) If (X, <) is an ordered compact Hausdorff locale then under the bijection
QXor = PreFr(QX, Q) the evaluation map is given by
QX QpreFr X - Q
Proof. (i) For I € UX°P, its mate under UYX°P = sup(UX, Q) is the map
sending K — 1 x X to K;I, so the evaluation maps sends I ® J to J; I — 1.
But 3;x (I A J) is the formulae for this relational composition and so we are
done.
(ii) Identical argument. m
For (i) above note that of course spatially 3,x (I A J) = 1 if and only if

dk € I N J; this will help us argue some motivational spatial reasoning below
after the next and final technical lemma:

Lemma 9 (i) For any poset (X, <),
U(XP) @sup U(X) ZU(XP x X).
(i) For any ordered compact Hausdorff locale, (X, <),
QXP Qprorr QX =2 Q(XP x X).

Proof. (i) The assignment R —<; R; < on R an open sublocale of X x X
defines a suplattice homomorphism for which we will use the notation

wg;(i);g : P(X X X) e P(X X X)
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The square

P(XxX) Y595 pX xX)
1®1
PX ®eup PX Y2l PX @gup PX

commutes and both the horizontal homomorphisms are idempotent. U (X°P x X)
splits the top homomorphism by definition and U (X ) Qgup U(X) splits the
bottom via i) ® ¢; and ¢, ® ¢;. So U(XP) Rsup U(X) = U(X?P x X) by
uniqueness of limits.

(i) Symmetrically we have a square

QX xX)  TED9E (X x X)
~| o~
LP@1)P
QX Qprerr 2X — QX Rprerr 2X

for a preframe homomorphism <. ).<. =

5 Retrieving Discrete and Compact Hausdorff
Locales from their ‘Up-set’ Locales

In the introduction it was indicated that the suplattice endomorphism needed
to extract PX from U(XP x X) was

R—<;(RNA)<

Since U(X? x X) = U(XP) Qgup U(X), it should be clear that this endo-
morphism is equivalent to

7] Q1
v u(XOP) Reup U(X) = PX @gup PX 28

®
PX 28 PX @gup PX "4 U(XP) @gup U(X)
In broad terms we have clarified that this endomorphism can be expressed with-
out reference to X and T, since we have seen above that the evaluation map
represents the partial order. The following proposition proves this broad asser-
tion in detail.

Lemma 10 (i) Given a poset (X, <), under the bijections

sup(U(X) @sup U(X), U(X?) @sup U(X))
= sup(U(XP) Qsup U(X),sup(UX,UX))
= sup(U(X) Bsup UX) Bsup UX),UX)
= sup(U(X) ®sup U(X) @sup U(X),sup(UX P, Q))
= supU(X?) sup U(X) @sup U(X) @sup U(X?),12))
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the mate of W, given in the preamble, is
U : sup(UX, Q) Gsup UX) Dsup U(X) @sup SUPUX, Q) —
IJRJ@Tr— ev(INT®JNAJ). (1)
Proposition 11 (ii) Similarly given (X, <) an ordered compact Hausdorff lo-
cale the mate of
iyop ®igop

U : QX QpreFr 954 — QX Rprerr 2X Q—%

quop ®gqop

QX 78 QX @prer QX T8 OXP ©prery 0X
18
U : PreFr(QX, Q) @prerr X @prerr 20X @prerr PreFr(QX, Q) — Q
I0JoJolr—ev(IVIG®JV]).
Dealing with (i) let us first show that W is the mate of ¥ by appealing to

a spatial argument. This will help to motivate the proof to follow. Now W is
corresponds to the relation

RCX x XPx XPxX

where (i,7,7,i) € R if and only if 3k €1 in T iN | jN | j. The suplattice
endomorphism, ¥, on U(X° x X) is uniquely determined by a monotone map
0: X X XP - U(XP x X) where

o(i,j) = <([Lix T4 NA);<
- UEIkeiiﬁTjikx Tk.

But the subset (Js;¢ |y, | kX% Tk, as a monotone map from X x X — 1 is
(i,j) — 1iff Ik erinTin|jin |3

and so we are done spatially.

Proof. (i) The endomorphism ¥ corresponds to a relation Ry < X x X x
X x X. To prove that ¥ is the mate of W it is sufficient to show W is the mate
of Ry under U(X x X x XP x X) 2 sup(U(XP x X x X x X°P) — Q). Le.
that

HIXXXXXXX(R\I/ N (I® J@j@j))
= IxQA(I®JeJ®])

for any I® J®J®1 € U(XP) QsupU(X) @supU(X) @supU (X °P) using Lemma
8.

Now lets say that Ry = (T ® | @ | ® 1)3a,(1) where Ay 1 X — X x X X
XxX. Then (|®1®|@NI0Jeiel)=I®JeJT) and so

ngxxxxxx(R\p A\ (I® J®7®7)) < 3gxxxxxxx(3A4(1) A\ (I@ J®j®7))

15



by the final comments of Section 3. The opposite inequality is immediate since
(l®1®] ®1)>Id. But for any open sublocale i, : @ — X we have that
i, Qiq) = 3i, (1) Aa and so

H!XXXXXXX(EIA4(1) A (I ®J ®j®7))

3!XXXXXXX3A4QA4(I QRIR J X 7)

= IxQA(I@J®J®I)
where the last line follows since J,x x x x xxx I, is left adjoint to QA QX XXX XXX —
X,
It remains to show that indeed Ry = (1 ® | ® | ® 1)3a,(1). Certainly,

(T®]l®1l®1)3a,(1) =<xorxx;3a,(1); <xorxx

so in order to prove that Ry = (I ® | ® | ® 1)3a,(1) it is sufficient to
prove that, via relational composition, they define the same endomorphism on
U(X°P) Qgup U(X); that is we must show that

I®J;, < xorxx;3da,(1);<xerxx
- I®J;Rq;

for any I®J € U(XP) QsupU (X). Since IQJ = I®J; <xorxx and I®J; Ry =
U(I®J)=(]®1)IANA(I ® J) it remains to prove

I'® J;3a,(1); Sxorxx= (1 ® 1)3aQA(I ® J)

and to see this it is in fact sufficient to prove I ® J;3a,(1) = IAQA(I ® J)
because (| ® T)(R) = R;<xorxxfor any R — X x X. But with 7, m :
(X X X) x (X x X) — (X x X) the two projections we have

I®J;34,(1) = 3o, (QmI ®J)A3a, (1))

= 35,30,000m (I ®J)
T, 3N, QAT ® J)
IAQA(I ® )

and so are done.
(ii) Identical argument. For example to prove "(I®J); Wa,(1) = VAQA(I®
J) for any I © J € QX Qprerr X we have

T Va,(1) = Ve (Qm(I®J)VVa, (1))
= VYA, QAQm ([0 J)

W, VA, QA @ J)

= WAQA(IGJ)

just as above in (i). m
We are now in a position to make the brief outline contained in the intro-
duction precise.
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Theorem 12 (i) For any partially ordered set (X, <), PX is order-isomorphic
to the fixed points of the suplattice endomorphism

U:UXP X X)—=UXP x X)
R—<; (RAA); <

(i) For any compact Hausdorff poset, (X,<), QX is order-isomorphic to
the fixzed points of the preframe endomorphism

U:0QXoPx X —QXopx X
R+—<;(RAA); <

The bijection OSub(X x X) = sup(QX,QX), for discrete X, sends a su-
plattice ¢ : QX — QX to the open

(¢ ©1)3a(1).

The open Ja(1) is the diagonal on X so note that if R — X x X is anti-
symmetric (i.e. RA R? < A in Sub(X x X)) then

3a(1) = (1T @1)(3a) N (17 ©1)(3a(1)

with equality if, further, R is reflexive. Using Ajg12 : X XX — (X xX)x (X xX)
for the diagonal given by A1212(4,5) = (i,4,4, ), we then have

Ia(1) = QA1212(]l ®1® T ®1)(3a(1) ® Fa(1))

whenever | and T arise from a partial order on X.
Proof. Consider the suplattice homomorphisms
=N q1Qq7 o
I' : PX =5 PX Qgup PX — U(XP) Qgup U(X)
i, ®i
O : UXP)ReupU(X) = PX @gup PX 25 PX.
It is sufficient to show that ©OT = Id and I'O is the endomorphism given by
R —<;(RNA); <, i.e. U in the notation of the previous proposition. The
latter is clear from definition. It remains to check

QA(T® |)3a =Id. (%)

This is immediate from the anti-symmetry and reflexivity of < but, as above,
so as to make sure an identical argument using preframe homomorphisms is
available we argue the case using only relational composition and suplattice
homomorphisms.

The proof now essentially involves ensuring that (%) follows from the anti-
symmetry property of <, expressed as an equation on suplattice homomorphisms
as we have done in the preamble.
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But the suplattice homomorphism QA(T ® [)3a : PX — PX Qgup PX
gives rise to a relation

(QA®1)(T® | ®1)(3a ®1)(3a(1))

on X x X x X. Since the diagonal X — X x X x X x X is contained in A2
(see preamble), we have that

(3a ®3a)Ba()] < 3a(1) ®3a(1)

from which (1®7® 1)(1® 1 ® 3a)3a ® 1)[Fa(1)] < [() @ ()][3a(1)] where

T: PX ®sup PX — PX ®sup PX is transposition. The reason for introducing
7 is that (QA ® 1)(T ® | ®1) factors as

QA1212(J, ®R1I® T ®1)(1 RTR 1)((1 ®R1® HA)

and so
(QAR1)(T® | ®1)(3a ®1)(3a(1)) < 3a(1)

by the description of anti-symmetry given in the preamble. The the opposite
inequality is clear since < is reflexive and so T and | are both inflationary and
QA3JA = Id. Since the assignment ¢ — (¢ ® 1)3a(1) is a bijection for any
suplattice homomorphism ¢, we are done.

(ii) Identical argument. m

Clearly, given that ¥ =I'© and OI" = Id, V¥ is idempotent. Therefore given
any frame of the form UX (resp. QX) it follows that PX (resp. ©2X) can be
found by splitting the idempotent W, i.e. appealing to Lemma 5(i) (resp. (ii)).
Moreover U itself can be found using only U (X) by taking the mate v (Lemma
10) definable using only the evaluation map. In short P(X) can be recovered
using only the data U(X) and we have the main result:

Theorem 13 (i) There is a bijection between posets and locales whose frames
of opens is of the form U(X) for some poset X.

(#) There is a bijection between ordered compact Hausdorff locales and locales
whose frames of opens are of the form QX for some ordered compact Hausdroff
locale (X, <).

Clearly we must now give some topological clarity as to what these, so far
informally named, “up-set” locales are. This is the subject of the next section.

6 Topological Interpretation

In this section we now give topological interpretations to the objects under con-
sideration. Whilst both /X (resp. ©2X) seem natural enough objects of study
from their definitions it is important to realize that the class of all objects of
the form U X is well known, as is the class of those of the form QX they corre-
spond, respectively, to the algebraic dcpos and the sober stably locally compact

18



topological spaces. We now define these terms and prove the correspondence.
Aside from the final theorem, all the results in this section are known.

A directed complete partial order (dcpo) is a poset with joins for all directed
subsets. For example for any poset X, the poset idl(X) of ideals of X (that is
of directed and lower closed subsets of X) is a depo. In any dcpo Y we may
define the way below relation < CY X Y by y; < ys if V directed subsets I of
Y

)

.
y2 <\/ I=3ielwithy <i

The notation I C' Y is used to indicate when a subset is directed. A dcpo is
algebraic if it is of the form idl(P) for some poset P; there are various other
characterizations of algebraic dcpos. For example, recalling that y € Y is com-
pact iff y < y, a dcpo Y is algebraic if and only if every element is the direct
join of compact elements less than it. You may verify that ¢dl(P) is the free
dcpo on the poset P, where dcpo homomorphisms are directed join preserving
maps. Recall that a subset of a dcpo, U C Y say, is Scott open if it is upper
closed and \/'I € U = 3i € INU. Notice that for any dcpo Y there is an
order isomorphism between the Scott opens and dcpo(Y, ) with the obvious
pointwise ordering. Therefore for any poset X,

dcpo(idi(X),Q2) = Pos(X,Q)
Uux

1

and we see that UX is an isomorphic copy of the Scott topology on idl(X).
In the other direction it is well known and easy to check that U4 X is the free
suplattice on the poset X°P. In fact there is an order isomorphism sup(U X, ) =
Pos(X°P Q) and further this specializes to

FriUX,Q) = {x: X — Q| x monotone,
x(@) =1x(y) =1 =3z > z,y, x(2) = 1}

Le. Fr(UX,Q) = idl(X). Thus an algebraic dcpo is completely determined by
UX and the points of the locale corresponding to 4 X are in order isomorphism
with the ideals of X. For this reason,

Definition 14 The ideal completion locale of a poset X is denoted Idl(X) and
is defined by QIdI(X) =UX.

The main result of the previous section therefore establishes a bijection be-
tween ideal completion locales and discrete localic posets. For more information
on algebraic dcpos, and their significance to domain theory, consult [V89].

Turning our attention to QX i.e. to the compact Hausdorff side, recall that
a topological space (X, 7) gives rise to a locale since 7 is a frame. In the other
direction for any locale X there is a natural topology on ptX = Loc(1,X)
given by sets of the form {p | Qp(a) = 1} over a € QX. A topological space
is sober if these two operations are mutually inverse. Sobriety is weaker than
Hausdorffness, and in this weaker context we need to adapt the definition of
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local compactness. Traditionally (e.g. 2.3 of [R66]) a space, (X, 7), is locally
compact if for every x € X is contained in an open V, whose closure, Vj, is
compact. For Hausdorff X use 2.7 of [R66] to note that this is equivalent to
requiring that for any = € U, for any U € 7 there exists an open V, with

xeV,CV,CU.

such that V, is compact. We shall take this latter condition to be our definition
of local compactness for an arbitrary topological space. A locale, X, is locally
compact if

a=\/"{b|b<a}

for every a € QX. In other words, QX is a continuous poset, VII [J82].

Theorem 15 The category of sober locally compact spaces is equivalent to the
category of locally compact locales.

Proof. We have outlined the functors involved in the definition just given
of sober. The situation V,, C V,, C U given in the definition of locally compact
for a space, clearly implies V,, < U in 7 by compactness of V, and so 7 is a
continuous poset showing that the corresponding locale is locally compact. The
other direction is well known and requires a choice principle. Consult VII 4
[J82]. m

To define the concept of a sober stably locally compact space the definition
of saturation is needed. Every topological space has a specialization preorder
on it given by s Cyif x € U = y € U YU € 7. The saturation of any subset
Xp of a topological space is its upper closure with respect to the specialization
order; note that this can equivalently be calculated as N{U € 7| Xo C U}. It
follows that the saturation of any open subset is itself and that the saturation
of a compact subset is compact since any Xy is contained in an open U if and
only if its saturation is. Note that, given the last theorem,

V « U<V CK CU some
compact and saturated K
for any V and U opens of a sober locally compact space.
A sober locally compact topological space is said to be stably locally compact

(or just stably compact by some authors) if, in addition,

(4) it is compact

(#4) K1 N K3 is compact

whenever the K;s are

compact and saturated.

These spaces have been extensively studied, [H85], [H84], [S92], [KB87] [JS96]
and [JKMO1].
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A locally compact locale X is said to be stably locally compact (or stably
compact by some authors) provided

< lforallae QX
< bl» a<<b2
— a <K b Aby

(1) a
(it) a
where the second condition is over all triples a, by, b € 2X. The corresponding
frames are known as the stably continuous frames. These locales/frames have
been extensively studied, see VII 4.6 of [J82] for a textbook account. For exam-
ple they are the algebras of the prime Wallman compactification functor [W84].
Note that (i) in this definition is equivalent to the requirement 1 < 1 and so,

under the bijection of the last theorem, condition (i) for stably locally compact
spaces is equivalent to condition (i) for stably locally compact locales. Further,

Theorem 16 The category of sober stably locally compact spaces is equivalent
to the category of stably locally compact locales.

Proof. It is sufficient to specialize the previous theorem. If X is a sober
stably locally compact space then certainly the < relation on its opens satisfies
part (ii) in the localic definition of stably locally compact. This is immediate
from our characterization of < just given. For the other direction consult, for
example, [H84]. m

Examples of stably locally compact locales include coherent locales (i.e. lo-
cales whose frames of opens are of the form idl(L) for a distributive lattice L)
and compact Hausdorff locales. To prove the former note that I < J for ideals
I1,J of L if and only if I C| [ C J for some [ € L. To prove that compact
Hausdorff locales are stably locally compact recall that a locale X is compact
Hausdorff if and only if it is compact and regular, that is

a:\/T{b|b<a}

for every a € QX where b < a if 3c with bAc=0and aVe=1 (bis well inside
a). This correspondence between compact Hausdorfl and compact regular is
Vermeulen’s result, [V91], though note Theorem 3.4.2 of [T96] for a proof using
the preframe techniques developed above. For compact Hausdorff X it is an
exercise, using regularity, to show that a < b <= a < b. The binary stability
property needed of < in the definition of stably locally compact is immediate
for < and so any compact Hausdorff locale is stably locally compact.

Stably locally compact locales can be characterized as the retracts of coher-
ent locales, or the injective objects in Loc with respect to flat inclusions (where
an inclusion, ¢, is flat provided V; preserves finite joins). They are relevant to
our deliberations since

Proposition 17 A locale X is stably locally compact if and only if QX = QY
for some compact Hausdorff ordered locale (Y, <).

21



This seems to have been first observed spatially (i.e. for topological spaces) in
[G80], p.313-4. There we see the correspondence between stably locally compact
(sober) spaces and ordered compact Hausdorfl posets. The creation of Y from
X follows the patch construction. The localic/frame theoretic version of patch
is, effectively, initially in [BB&8], though they only create a biframe (a short step
away from an ordered compact Hausdorff locale). A direct construction of the
ordered locale Y from X is in Section 7.6.1 of [T96] using a different, but very
similar, construction to the one offered here. Escard6 [E01] has a more explicit
description of localic patch, and we comment on his construction below.

The proof of this proposition uses the techniques of the previous section so
it is natural to pause and collection some facts about PreFr(QX, ) for any
stably locally compact locale X:

Lemma 18 For a stably locally compact locale X,
(i) AQX = PreFr(QX,Q) where AQX is the poset of Scott open filters on

7

(ii) AQX is the frame of opens of a compact locale with F < H iff there
exists a € H such that

QX

FClaCH,

(iii) Q = {1 € PreFr(AQX,AQX) | Id <+ and ? =4} is a subpreframe
of PreFr(AQX, AQX); and
(iv) @Q is compact, i.e. 1 < 1.

Proof. (i) This is by definition of Scott open filter. Note that if G C QX is
a Scott open filter then since a = \/'{b | b < a} for any a € QX, we have that
for any a € G there exists b € G with b < a. Conversely any filter with this
property is Scott open.

(ii) AQX is certainly a preframe; directed join is given by union and finite
meet is given by intersection. The least Scott open filter is {1} (and this is Scott
open by compactness assumption on X). Given any two Scott open filters F'
and G their join is given by

FvG=t{aAblac Fandbe G}

and it is then routine to verify the finite distributivity law required for AQX to
be a frame. Note we could also set

FvG=%1{anb|acF andbe G} (x*)

using the stable local compactness of X. Compactness of AQX is immediate
since any Scott open filter is top if and only if it contains Oqx.

(iii) Directed joins and finite meets are calculated pointwise in PreFr(AQX, AQX)
and so one needs to check that the conditions Idxq, < v and ¥? = 1 are closed
under these operations. This is immediate for the condition I'd < . For the
idempotency condition, certainly the top map (¢(G) = QX for all G € AQX)
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is idempotent and for any G € AQX and any 11, ¥2 € @ we have
(Y1 A2) (1 A ) (G)

(1 A p2)[1h1(G) A 2(G))]

V1[1(G) A ha(G)] A he[t1(G) A2 (G)]
V11 (G) A 1a(G) A h1pa(G) A hapa(G)
V191(G) A atha(G)

= U1(G) ANp2(G) = (Y1 A 2)(G)

with the reverse inequality since Id < ¥; A ¥9. For a directed collection of
¥; € @ we have, similarly for any G,

VeV @)
= VeV, 0(@)
= ViuV wi@)
= V. vi(@)
< V(@) =\ (@)
= (V. e)©)

where the penultimate line exploits the fact that for any pair ¢; 9; there is an
index k such that v; ,3; < 1)y, i.e. exploits the directedness of the collection

V;.
(iv) For compactness notice that the map
p: AQX — Q@
G — (H— HVQG)

IA

preserves the top element (1) and has a right adjoint which is a preframe ho-
momorphism. The right adjoint sends a preframe homomorphism 1 : AQX —
AQX to ¢(0). This is sufficient to show that ¢ preserves < and hence com-
pactness of (Q follows from compactness of AQ2X as compactness is equivalent
to the assertion 1 < 1. m

Part (ii) of this lemma, and more, is in [BB88]. Escardé and Karazeris also
note (iii) in [E98] and [K97] and (iv) is in [EO01], a paper that has helped guide
the proof to follow. We now prove the proposition.

Proof. The proof is split into a number of parts that have italicized head-
ings.

QY s always a stably continuous frame.

Proving that QY is the frame of opens of a stably locally compact locale is
routine. Note that for any a € QY C QY

b<ay a :>ﬂ0p b <<97 a
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and so continuity of QY follows from continuity of QY. Use the fact that

b=\ (47 clegay b} (+)

for b1,by € QY to show the binary stability property for <g5. (+) follows
from the regularity of QY.

Defining QY from stably locally compact X.

In the other direction we need to construct compact Hausdorff (Y, <) from
stably locally compact X. The proof involves applying the construction of the
previous section to an arbitrary stably locally compact locale X. In the previous
section the relevant preframe homomorphisms needed to extract Y was seen to
be

U : PreFr(QX, Q) @prerr X Oprerr X @prerr PreFr(Q1X, Q) — O
IOJOJOTr—ew(IVIG®JVI)

and passing through the various equivalences we have that this corresponds to

0 : AQX Qprerr X — PreFr(AQX, AQX)
Foar— (G—{blaVvbe FVG}).

Given the previous section we know that the frame we are looking for is the
image of ©.

Checking that the image of © is compact.

Firstly observe that this image is contained within ) as defined in the previ-
ous lemma. To see this, fix any a € QX and F € AQX. Then for any b € G and
for any Scott open filter G, aVb > 1Ab, where 1 € Fand b € G, ie. aVbe F.
It follows that G C {b|aVb € FV G} and so O(F ®a) is inflationary. To prove
that ©(F ®a) is idempotent it needs to be checked, for any Scott open filter G,
that

(blaVvbe FVIOF ©a)(@)}
C{blavbe FVG).

Say b is in the left hand side, then there exists a; € F and b € [O(F ® a)|(G)
such that a Vb > a3 Ab. Since b € [O(F © a)](G) then a Vb > ag A by for some
as € F and by € GG. Then

avb > (s Ab)Va

= (a1Va)A(bVa)
> (al\/a)/\ag/\b2.

But (a3 Va) Aag € F since F is a filter and soaVb e FVGand be {b|aVbe
F v G} as required.
Checking that the image of © is a frame.
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Next we show that © takes finite joins to finite joins so that its image is a
frame. To achieve this it is sufficient to show that

(@) 00©0) = 0q,
(b)) O(F,VF,®0) = O(F 60) Vg O(F,®0),
() ©(0®aiVaz) = O0Ga)VgO0O©asz) and

(d)O(Feoa) = OF 60 VeOW0O©a).

(a) is clear since Og is the identity map and {b | a Vb € F'V G} reduces to G
when ¢ = 0 and F' = 0. For (b) say ¢ € PreFr(AQX,AQX) has O(F;, ©0) <%
for i = 1,2. Then for any G, F; VG < ¥(G), i = 1,2, and so certainly
FiVFVG<Y(G),ie O(F V F,®0)(G) <¢(G). The reverse is immediate
and so (b) is established. For (¢) we finally get to exploit the idempotency
conditions placed on . Similarly say ¢ € PreFr(AQX, AQX) has ©(00a;) < 9
for i = 1,2. It needs to be shown that ©(0 ® a1 V a2)(G) < ¥(G) for any G.
Say b € LHS, then a1 Vaz Vb € G, and so az Vb € (0 ® a1)(G) and so
az Vb € (G). Since 1(G) is a Scott open filter there must exist ¢ < ag Vb with
¢ € G. Therefore the Scott open filter {d | ¢ <« d} is contained in (G). But
then ¥({d | ¢ < d}) < ¢(G) by idempotency of ¢ and so since

O(0®az)({d c <k d})

|
< P({d[e<d})

and certainly b € {b' | aa Vb’ € {d | ¢ < d}}by choice of ¢, we have that b € ¥(G)
as required. Checking (d) is similar; say ©(F © 0) and ©(0 ® a) < ¢. Then by
the former F'V G < ¥(G) and so by idempotency of ¥, ¥(F V G) < ¥(G), but
{blavbe FVG} <¢Y(FVG)since ©(0©a) < and so O(F © a) < 1.

Therefore O takes finite joins to finite joins and its image is a frame. Indeed,
as directed joins are calculated in @), it is the frame of opens of a compact locale
by the lemma.

Checking that the image of © is a regular.

Fix Im© as notation for the image of ©, i.e. for {O(N) | N € AQX ®@preFr
QX}. For regularity of this frame it is sufficient to show that for any a < b,

O(0®a) <rme O(0© b)
and for any F' < H (in AQX),
O(F ®0) drme O(H ©0).

For the former, take F = {d | a < d} a Scott open filter. To see that ©(0® a) A
O(F©0)=0saybe [©(00a)\NO(FO0)](G)={b|avbe G}n{b|be FVG}.
Then b > a; Aby with a; > aand by € G, and aVb € G. Then (aVb)Ab € G
as G is a filter. But b > (a V b) A by by distributivity and so b € G. Hence
O(0 ® a) A O(F ® 0) is the identity map which we have already established is
bottom in /m®O. Next

OO VO(FeI)(G) = O(F ob(G)
= {b|bvbe FVG}
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But bv0 € FVG asa < band so 0 € ©(F©b)(G) implying that it is the top Scott
open filter. Hence ©(000)VO(F®0) = 1 and the claim ©(00a) <rme ©(0©b)
is established.

For the latter claim, recall from the lemma that F' < H implies FF CT a C H
for some a € H. We have a similar analysis: ©(0 ® a) A O(F ® 0) = 0 since
BO0Ea)AOFO0)(G)={blavbeG}n{b|be FVG}=G. And

©06a)VOH0)|(G) = O(HGa)(G)
= {blavbe HVG}

But 0 e {b|aVvbe HVG} since a € H and so ©(0® a) VO(H © 0) is top.
This completes the proof that Im® is regular. Observe that, along the way, we
have shown that for any b € QX

0(0®b) = \/ {B(0© a) |00 @ a) <1 6(0® b)}

where M <1y N if there exists G € AQX with M AO(G©0) =0and NVO(G®
0) = 1, and further that for any H € AQX

O(H ©0) = \/ {O(F ©0) | 6(F ©0) <, O(H ©0)}

where M <13 N if there exists b € QX with MAO(00b) = 0 and NvO(00b) = 1.
So <17 and <3 are two refinements of <17,,0.

Defining a partial order on' Y and showing QX = QY.

Since Im© is compact regular we can, by Vermeulen’s result, define a com-
pact Hausdorff locale Y by QY = Im©. To turn Y into a localic poset a
preframe endomorphism on Y needs to be defined which enjoys the conditions
(i)-(iil) given at the end of the section 3. Let us define ¢; : QY — QY by

o1 (V) = \/ {600 a) | 00 © a) <1 N}

and ¢s : QY — QY by

6> (V) = \/ {O(F ©0) | 6(F ©0) <15 N}

It is routine to verify that these are idempotent and deflationary preframe ho-
momorphisms on QY and that QX (respectively AQ2X) is order isomorphic to
the fixed points of ¢; (respectively ¢5) given the observations just made about
<3 and <l3. So to complete the proof it is sufficient to prove anti-symmetry
for, say, ¢1. Firstly we check that ¢, is the ‘mate’ of ¢, the sense that if ¢;
corresponds to the relation R then ¢ is corresponds to the relation R°P. Given
the bijection of Lemma 5 this amounts to checking

(Id © ¢1)(Va(0)) = (2 © 1d)(Va(0))

We show
(Id ® ¢1)(Va(0)) < (¢2 © Id)(Va(0))
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by verifying that
TN;(Id © 61)(Ya(0)) >7N; (¢2 © Id)(Va(0))  (a)

for every N € QY. (For the full result apply a symmetric argument to show
that (Id®¢2)(Va(0)) < (91 ®1d)(Va(0)) and then apply the twist isomorphism;
we omit these details.) The inequality (a) is equivalent to asserting ¢1(N) <
Vo, ((p2 @ Id)(Va(0)) V N ©0). By the definition of ¢ and the fact that ¥V, is
right adjoint we are left checking

00000 a) < (p2©1d)(Va(0)) VN OO

for any ©(0 ® a) <13 N. Then by definition of <1; there exists a Scott open
filter G such that ©(0 ® a) AO(G ©®0) = 0 and N VO(G ©0) = 1. But
O(0® a) AO(G ®0) = 0 implies that [0 © ©(0 ® a)] A [O(G ©0) ® 0] < Va(0)
as Va is right adjoint. Further

(62 © Id){[0 © O(0 © a)] A [O(G ®0) © 0]}
< 006(0ea)]ABGEG0)60]
since ¢o fixes O(G © 0) and is deflationary. So in fact [0 ©@ ©(0 ® a)] A [O(G ©

0) ® 0] < (¢p2 ® Id)Va(0) and so since 1 =100 = (NVOGE0) 0 =
[NOOVIOG®0) 0]

000(0ea) = [0060Ga)Al
= 000(0ea)]ANGOVOG®) 0]
< (¢20I1d)(Va(0)) VN ©O

as required and we conclude that ¢ is the mate of ¢5; they both come from the
same relation on R.

To prove anti-symmetry of a closed relation R we may alternatively check
that "N; A >7N;(R°? A R) for every N € QY since relations are in order
isomorphism with preframe homomorphisms. As a formulae on opens this asks
that N <V ,(ager Var VN ®0). Now N is a directed join of finite meets of
opens of the form O(F ®a) by definition. Since O(F ©a) =0(Fo0)VO(0®a)
and since finite meets distribute over finite joins it follows that N is the join of
opens of the form O(F ©® 0) A ©(0 ® a). Since O(F © 0) is ¢2 fixed we have

O(F®0) = Vi, (are VO(F ©0)60)
< Va,(ager Vag VO(F ©0)©0)
and since ©(0 ® a) is ¢; fixed we similarly have
O00a) = VYr(arvVO0©Ga)©0)
Vo, (@ager Vag VvV O(0 ®a) ®0).

A

By taking the meet of these two inequalities one obtains
O(FO0)AB0Ga) Voo (@ger Vag V[O(F ©0)AO0®a)] ®0)

Vo (agor Var VN ®0)

VANVAN
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and so have finally completed the proof. m

This proof provides yet another description of localic patch. All of them
follow essentially the same line but all have distinct ‘carrier’ sets into which the
frame of opens of the patch is embedded.

Paper Patch embeds into ...

[BB8§] Frame of nuclei (see II 2.1 [J82]
for the defintion)

[T96] the ideal completion of the free

Boolean algebra on QX (equiv-
alently, the frame of distributive
lattice congruences on QX),

[E01] Frame of Scott continuous (i.e.
directed join preserving) nuclei
here PreFr(AQX,AQX)

The previous section indicates that we could have also chosen PreFr(QX, QX)
or indeed AQX ®Rprerr 2X and this last choice may have eased the proof of
compactness, using binary Tychonoff, but possibly introduced further algebraic
complications. The important point of this proposition is that it shows that it
is legitimate to define a stably locally compact locale to be one whose frame of
opens is of the form QY for some compact Hausdorff localic poset. With the
proposition this definition is seen to be equivalent to the usual lattice-theoretic
one. It is with this definition that we can restate the main result:

Theorem 19 (i) There is a bijection between ideal completion locales and dis-
crete posets.

(#i) There is a bijection between stably locally compact locales and ordered
compact Hausdorff locales.

These two are now the same result and can be proved using the same method
under the preframe/suplattice parallel. [T05] indicates how to express the par-
allel as a formal categorical order duality.

We end this section with an application of Escardd’s description of patch.
In contrast to [BB88] and [T96], [E01] gives an explicit description of the patch
locale. Its frame of opens are exactly the Scott continuous nuclei; so the anal-
ogous observation for our work is that Q = Im®©. This is remarkable since it
shows,

Theorem 20 (i) If R — X x X is a closed relation on an ordered compact
Hausdorff locale such that
(a) R < <x
(b) R, R=R
(¢c) <x;R;<x=R
Then R =<x;(RNA);<x.
(i) There exists R — X X X, a relation on a poset, such that (a), (b) and
(¢) of (i) hold, but R #<x;(RNA);<x.
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Spatially (i) is saying that if 2Ry then there is a z such x <x zRz <x y,
which in the absence of topology is clearly not generally the case from the weak
assumptions (a), (b) and (c). Part (ii) provides the counter-example.

Proof. (i) Using (c¢) and Theorem 7 such R correspond to preframe endo-
morphisms on the stably locally compact locale formed by the fixed points of
f°P. (a) and (b) are asserting that the preframe endomorphism corresponding
to R is in fact a nucleus. It is Scott continuous since the morphism is a preframe
homomorphism and so preserves directed joins. Since [E01] shows that all such
nuclei are in the patch the conclusion is immediate from the spatial description
of patch given in the previous section.

(ii) Take X = Q the rationals with its usual ordering and take R =<, the
strictly less than relation. Note that R N A is the empty set. m

Thus an application of Escardd’s description of patch is that it offers a con-
crete example of a statement about compact Hausdorff locales that is expressible
within the regular fragment of logic, but which is not mirrored by discrete lo-
cales.

7 Final Comments

It is satisfying that the duality between discrete and compact Hausdorff leads to
an understanding that the patch construction and the representation of algebraic
dcpos by posets are both the same abstract functor and can lead axiomatically
to the same set of categorical equivalences (though we have omitted a discussion
of morphisms). Along the way (a) the spatial nature of the patch construction,
as an action on topologies, has been clarified and (b) some insight has been
given into why a number of different constructions of patch occur.

Change of base arguments could have been deployed throughout and in some
ways this may have been a better way to proceed. The relevant abstract ap-
proach would then be exactly that of [T05] together with an assumption that
all the axioms are slice stable. Then for any discrete X there is an order iso-
morphism between maps X — SY and internal join semilattice homomorphisms
SX — SY where S is the Sierpinski locale. This is a corollary to the Hofmann-
Mislove theorem applied to Xy ; that is carried out relative to the slice category
Loc/Y applied to the object 1 : ¥ x X — Y. Together with the naturality
of this observation our lemma 5 can be recovered. Extending, join semilattice
homomorphisms S'#(X) — SY are in bijection with monotone maps X — SY
if X is further assumed to be a poset. To prove the main result all that needs
to be verified is that in the slice Loc/Y maps Xy x Xy¥ — Sy that clas-
sify opens R enjoying R =<;(R A A); < are in bijection with arbitrary opens
ay : Xy — Sy. This can be proved using only the regular fragment of logic and
since the constructions of regular logic can be seen to be stable under change of
base (and certainly valid in all slices) the main result is immediate. See [T03]
for more details on how change of base works using categorical axioms. This
approach makes the spatial nature of the argument clearer. However the path
we chose above was to translate the spatial intuitions into statements about su-
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plattice/preframe homomorphisms and then argue about these homomorphisms.
The principal benefit is that we have not had to discuss change of base above
and so have avoided the need to invoke Joyal and Tierney’s result that the
category of locales is slice stable (e.g. Theorem C1.6.3 [J02]).

Given that a poset has been central to the main result it is not clear how to
extend this construction to the representation of continuous posets using con-
tinuous information systems (e.g. [V93]). Further given that a coherent locale
has, as its opens, the ideal completion of a discrete distributive lattice, spe-
cializing the representation of stably locally compact locales to coherent locales
(i.e. recovering localic Priestley duality) appears to require a mixture of both
the discrete and compact Hausdorff sides of the parallel. This also remains as
further work.

Finally it must be clarified that an intrinsic definition of stably locally com-
pact would give the representation theorem more weight (rather than defining
stably locally compact to be the ‘preframe parallel’ to ideal completion). Get-
ting such an intrinsic definition, that fits into the parallel, is left as further work.
The usual intrinsic definition (as a finitary meet stable continuous poset) does
not seem to be available as the way below relation does not appear to work
well under the parallel between preframe/suplattice. Other possible definitions
could be as an injective object with respect to a class of monomorphisms or as
a locale with the property that it is exponentiable and its upper power locale
is an internal join semilattice. Thus this paper should be viewed as a first step:
we have offered a spatial account of how the patch construction works as an
action on topologies, but would like a better understanding of how the resulting
representation theorems are indeed order dual.
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