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Abstract

Using a suitable notion of principal G-bundle, defined relative to an arbitrary cartesian
category, it is shown that principal bundles can be characterised as adjunctions that stably
satisfy Frobenius reciprocity. The result extends from internal groups to internal group-
oids. Since geometric morphisms can be described as certain adjunctions that are stably
Frobenius, as an application it is proved that all geometric morphisms, from a localic topos
to a bounded topos, can be characterised as principal bundles.

——————————

1. Introduction

The main aims of this paper is to show that in any cartesian category C, principal
G-bundles over an object X for an internal group G are the same thing as adjunctions
C/X Z[G, (] over C that stably satisfy Frobenius reciprocity, provided the adjunction of
connected components, ¥ 4 G* : [G, C] 2= C, exists and itself stably satisfies Frobenius
reciprocity. [G, C] is the category of objects of C equipped with a G action; i.e. the category
of G-objects with G-homomorphisms between them.

Geometric morphisms can be characterised as adjunctions between categories of locales
that satisfy Frobenius reciprocity, [T10b]. So as an application to the case C = Laoc, it
follows that geometric morphisms Sh(X) —— B(G), from the category of sheaves over
a locale X to the topos of G-sets, for any localic group G, are the same thing as localic
principal G-bundles, where G is the étale completion of G. This is a key relationship as it
can be used to establish, for discrete G at least, the more well-known result that there is a
classifying space for principal G-bundles; see [196] for a description of how topos theoretic
results about principal bundles relate back to more well-known topological results.

Our main result easily generalises from internal groups to internal groupoids. It follows
that any geometric morphism from a localic topos to a topos bounded over some base topos
Set can be represented as a principal bundle.

In the next section we recall some basic facts about the category [G, C] of G-objects and
G-homomorphisms for a group G internal to a cartesian category C and define a notion of
principal G-bundle over an object X of C.

In the third section we prove our main result which shows how the notion of principal G-
bundle can be related to stably Frobenius adjunctions. The proofs and techniques are simple
as they only involve cartesian categories and various adjunctions. Our strategy is to first
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2 CHRISTOPHER F. TOWNSEND

demonstrate the main result for the case of principal bundles over the terminal object 1 (i.e.
X = 1) and then show how the case of general X can be obtained by applying the proof for
X =1 to the cartesian category C/ X.

The fourth section describes in summary how the main result generalises to groupoids.

The fifth section describes how the main result can be applied to the case C = Loc, the
category of locales, to give a description of geometric morphisms Sh(X) —— BG for
certain classes of localic groupoids G.

The results apply equally to open localic groupoids and to proper localic groupoids. In
fact, an axiomatic treatment of locale theory [T10a] reveals that the theory of ‘open’ prin-
cipal bundles can be viewed as order dual to the theory of ‘proper’ principal bundles. The
results here show that both theories of principal bundles have representations as Frobenius
adjunctions. What is not clear is whether the theory of ‘proper’ principal bundles has any-
thing like the depth of the more familiar theory of ‘open’ principal bundles.

2. Principal G-bundles in a cartesian category

We start with some basic definitions and results relative to a cartesian category, C. If
(G,m) is an internal group then [G, C] is the category of G-objects, whose objects are
pairs (A, *,) where A is an object of C and %4 : G x A —— A is a G-action; that is,
satisfies the usual unit and associative diagrams. For example, (G, m) itself is a G-object;
further for any object X of C, (X, m,) is an object of [G, C]; it is X with the trivial action.
The morphisms f : (A, x4) —— (B, *p) of [G, C] are morphisms f : A —— B that
commute with the actions, i.e. f*s = *p(Ids x f). Sending any X to (X, m,) defines a
functor G* from C to [G, C]. Its left adjoint, when it exists, is written ;' and must send
(A, *4) to the coequalizer of mp, %4 : G x A —3 A. If X; exists then X5(G,m) = 1
because ! : G —— 11is a coequalizer of mp, m : G x G — G (it is split by the identity
e:1 — GofG).

The category [G, C] is cartesian; products and equalisers are created in C. (G, m) is a
rather special object of [G, C]; for any other object (A, x,), (A, x4) X (G, m) = (A, 1) X
(G, m). To see this send an ‘element’ (a, g) of (A, m;) X (G, m) to (g *4 a, g) and an ‘ele-
ment’ (a, g) of (A, x4) x (G, m) to (7" %4 a, g); it is easy to verify that this establishes an
isomorphism in [G, C]. Although this argument, and arguments below, deploy ‘elements’ it
is important to understand that this is just shorthand for defining and arguing about morph-
isms in a category.

If X is an object of C then the slice category, written C/ X, is the category whose objects
are morphisms f : ¥ —— X and whose morphisms are commuting triangles. We will tend
to use the notation Y, when considering the morphism f : ¥ —— X as an object of C. Any
morphism f : Y —— X of C gives rise to an adjunction X - f* : C/Y = C/X between
slice categories where the right adjoint is given by pullback (and X ,(Z,) = Zy, for a
morphism g : Z —— Y). C/ X is a cartesian category; limits are created in C. Coequalizers
in C/ X, when they exists, are created in C. If G = (G, m, ¢) is an internal group of C and

X is an object of C then G x X is an internal group of C/X; its multiplication is given by

mx . .. e!X
(GxG)xXJX» G x X and its unitis X < G x X.

' The notation [Ty - A is more usual than our £ 4 G*; however, we choose to label this adjunction
with G, as we will be switching between different Gs.
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78 A morphism f : X —— Y of C is an effective descent morphism if the pullback functor
79 f*:C/Y — C/X is monadic. Since f* always has a left adjoint, by Beck’s monadicity
80  theorem, f is an effective descent morphism if and only if f* reflects isomorphisms and C/Y
81  has and f* preserves coequalisers for any pair of f*-split arrows. For any internal group G
82  in a cartesian category the morphism ! : (G, m) —— 1 of [G, C] is an effective descent
83 morphism. This can be observed because of the well-known fact that [G, C]/(G,m) ~ C
84  (to see this send a morphism to its kernel in one direction and send an object X of C to the
85  projection (X, m;) X (G, m) — (G, m) in the other). Under this equivalence the pullback
86  functor (G, m)* : [G,C] — [G, C]/(G, m) is just the forgetful functor from [G, C] to C
87  that forgets the group action; its left adjoint sends X to (G, m) x (X, m,) and this adjunction
88  induces a monad on C; it is easy to see that [G, C] is by definition the category of algebras
89  of this induced monad.

90 An adjunction L - R : D = C between cartesian categories satisfies Frobenius recipro-
91  city provided the morphism L(R(X) x W) Umlm) I RX x LW foddig x LW is an
92  isomorphism for all objects W and X of D and C respectively where ¢ is the counit of the
93  adjunction. For any object X of C there is an adjunction Ly 4 Rx : D/RX = C/X given
94 by Lx(W,) = ‘the adjoint transpose of g’ and Rx(Y;) = R(f). The original adjunction
95 L - R is said to be stably Frobenius provided Lx - Ry satisfies Frobenius reciprocity
96  for every object X of C. It is easy to verify that for any morphism f : X —— Y of a
97  cartesian category the pullback adjunction X, 4 f* : C/X ZC/Y is stably Frobenius.
98  For another example, if C has coequalisers that are stable under product (pullback) then
99  G*:C — [G, C] has a left adjoint, X, and the adjunction ¥; - G* satisfies Frobenius
100 reciprocity (is stably Frobenius). Notice that both the property of satisfying Frobenius re-
101  ciprocity and of being stably Frobenius are stable under composition of adjunctions. Given

L L
102 two adjunctions D .—= C and D’ — C then any third adjunction F 4 U : D =D’ is
R R

103 said to be over C provided L'F = L; of course, in such circumstances U R’ =~ R by unique-
104 ness of adjoints. The collection all adjunctions between D and D’ over C can be considered
105 as a category with morphisms natural transformations between the left adjoints.
106 Our first lemma shows that in certain situations adjunctions that satisfy Frobenius reci-
107 procity and are over a base category C give rise to effective descent morphisms:

108 LEMMA 2-1. Let G be an internal group in a cartesian category C such that G* : C —
109 [G,C] has a left adjoint g and the resulting adjunction satisfies Frobenius reciprocity.
110 Let L 4 R : CZ[G,C] be an adjunction over C (i.e. LgL = Id¢) which also sat-
111 isfies Frobenius reciprocity. Write (P, x) for the G-object L1 and assume further that
112 P = R(G,m). Then!: P —— 1 is an effective descent morphism.

113 We will see in the next section that, in fact, the condition P =~ R(G, m) always holds.

114 Proof. Firstly £sL1 = 1 by assumption that L < R is over C. So for any object X of C,
115 (L1 x G*X) =2 XLl x X @ Xjie.

#Xx Idy T
GXPxX__—TPxX—7—7X
T23

116 is a coequaliser diagram in C. Since this is a coequaliser for every X it is easy to see that
117 P* : C — C/ P reflects isomorphisms. So to complete the proof all we need to show is

f
118 thatif X —— Y is pair of morphisms of C with the property that there is a split coequaliser
g
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diagram

ldx f p
PxX Jaxg PXY = 0(%)

L
A

in C/ P then there is a coequaliser ¥ —— N of f and g in C with the property that P x
Y 2% px Nis isomorphicto P x Y —1. 0.

Since P = R(G, m) by applying L to (*) and the Frobenius reciprocity assumption we
obtain a split coequaliser diagram:

IdxLf oo
(G,m) x LX Tgxrs (G,m) x LY i LO.

l
A

Since (G, m) — 1 is an effective descent morphism, there is a coequaliser diagram

Lf ‘
LX —5 LY — (T, x7)
Lg

in [G, C] with the property that (G, m) x LY RN (G,m) x (T, *r) is isomorphic to

(G,m) x LY La L Q. Because 5L = Idc and X¢ is a left adjoint, it follows that
y 29 Y6(T, *7) is a coequalizer in C of f,g. Notice that (T, x7) = LXs(T, *r) be-
cause L, as a left adjoint, preserves coequalisers. Finally, for any object W of C, morphisms
Q —— W correspond to morphisms P x ¥ —— W that compose equally with Id x f
and I/d x g and these in turn correspond (under L - R, using W = RG*W) to morphisms
(G,m) x LY —— G*W that compose equally with /d x Lf and Id x Lg. These then
correspond to morphisms (G, m) x (T, x7) —— G*W since LQ = (G, m) x (T, 7).
Then, by adjoint transpose under X; - G*, these correspond to morphisms X5 ((G, m) x
(T, x7)) — W.But

26((G,m) x (T, x7)) = Xc((G,m) x LEG(T, *1))
~Y6((G,m) x (P, %) x G*Zg(T, *7))
~Y6((G,m) X (P, 1) X G*X5(T*7))
=Y6((G,m) x G*(P x Xg(T, *7)))
~Y6(G,m) X P x Zg(T, *7)
=~ P x X6(T, *r)

andso Q = P x Xg(T, xr) as required.

We now define principal bundle relative to an arbitrary cartesian category. The definition at
this level of generality appears to be originally in [K89].

Definition 2-1. If G is an internal group in a cartesian category C then a principal G-
bundle is a G-object (P, %) such that:
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Principal bundles as Frobenius adjunctions 5

(i) !: P —— 1 is an effective descent morphism; and
(i) the morphism (x, ;) : G X P —— P x P of C is an isomorphism.

The inverse of (x, 7,), if it exists, must be a map of the form (¥, ;) for a morphism ¢ :
P x P —— G. For any ‘elements’ b and b’ of B, ¥/ (b, b’) is the unique ‘element’ of G
such that ¥ (b, ') x b’ = b. v has a number of well-known properties that will be exploited
below; for example, V(g * p, p') = g¥(p, p') and ¥ (p, g * p') = ¥ (p, pg~".

The category of principal G-bundles is the full subcategory of [G, C] consisting of objects
that are principal G-bundles.

Definition 2-2. If G is an internal group in a cartesian category C and X is an object
of C then a principal G-bundle over X is a G-object (P, %), together with a morphism
f : P —— X such that:

(i) fx= fmyie. f(g*p)= f(p) forany ‘elements’ g, p of G, P respectively;

(i) f : P —— X is an effective descent morphism; and

(iii) the morphism (, 73) : G x P —— P xyx P of C/ X is an isomorphism.

Principal bundles are also known as torsors. In our general context of cartesian categories
there is no real extra generality when talking about principal bundles over X in comparison
to principal bundles:

LEMMA 2-2. IfC is a cartesian category, G an internal group and X an object of C, then
(i) [G x X,C/X] =[G, Cl/(X, m2) and (ii) the category of principal G-bundles over X is
isomorphic to the category of G x X principal bundles relative to C/ X.

Proof. (i) can be checked from the definitions and (ii) follows from (i).

We will use this lemma to ease the proof of our main theorem, which is the purpose of the
next section.

3. A categorical relationship between principal bundles and Frobenius reciprocity

We can now state and prove our main result for the case X = 1; this will be used in the
proof for general X to follow.

PROPOSITION 3-1. Say C is a cartesian category and G is an internal group with the
property that the functor G* : C — [G, C] has a left adjoint ¥ such that ¥ 4 G*
satisfies Frobenius reciprocity. Then there is an equivalence between the category of prin-
cipal G-bundles and the category of adjunctions L 4 R : C =[G, C] over C that satisfy
Frobenius reciprocity.

Further any such adjunction is also stably Frobenius.

Although the connection to principal bundles is not made explicit, one can combine [BLV11,
theorems 2-15 and 5-7] to establish this Proposition.

Proof. Say L 4 R : C =[G, C] satisfies Frobenius reciprocity and has XsL = Idc.
Let L1 = (P, *). Then LR(G,m) = (P, *x) x (G, m), which we have observed already
is isomorphic to G*P x (G, m). By assumption that ¥5;L = Idc we have that for any
object X of C, X =~ RG*X and so further LR(G,m) =~ L(1 x RG*R(G,m) = (P, %) X
G*R(G,m).But X5(G, m) =~ 1 and X;(P, x) = 1, the latter because ;L1 = 1. It follows
that R(G, m) = P because X -1 G* satisfies Frobenius reciprocity, and this exhibits an
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isomorphism G x P =~ P x P.By Lemma 2-1, ! : P —— 1 is an effective descent
morphism; therefore (P, *) is a principal bundle.

In the other direction, say we are given a principal bundle (P, ). We will use ¥ : P x
P —— G for the map that exists because G x P =~ P x P. Define L : C — [G, C] by
LX = (P, *) x (X, m). Define R : [G,C] —— C by sending (A, *,) to the coequaliser of
P x A defined by the arrows

xxIdy

GxPxA P xA
(Idpxxp)(IdpxixIda)(tx1dy)

where T : G x P —— P x G is the twist isomorphism and i : G —— G is the inverse of G.
In other words R(A, *,) is defined to be the tensor P ®; A where (gxp)®a = pR(g~'*4a)
for any ‘elements’ a, p and g of A, P and G respectively. This coequaliser exists because
an easy diagram chase shows that it is isomorphic to X5 ((P, *) X (A, *,)). There is an
‘evaluation’ map ev : P X (P @ A) —— A defined by (b, b ® a) — ¥ (b', b) x4 a. This
is well defined because the coequaliser that defines P ®¢ A is stable under products; this is
because X - G* satisfies Frobenius reciprocity. Using properties of v it can be checked
thatev : (P, x) X (P®gA, m) — (A, *x,);i.e. the evaluation map is a G-homomorphism.
We now check that L is left adjoint to R. Say we are given an object X of C and an object
(A, x4) of [G, C], then send any map f : X — P ®¢ A to the G-homomorphism

Px X1 py(PosA) - A
On the other hand given any G-homomorphism g : (P, *) X (X, mp) — (A, *4) notice
that the map

PxX T8 pya-—2 Pg;A

composes equally with xx Idy : GXPxX — PxXandmyxIldy : GXPxX — Px
X and so factors through 7, : P x X —— X (because X ((P, *) X (X, m3)) = X (P, *) X
X =~ 1 x X). This defines a map X —— P ®¢ A. To check that this establishes a natural
bijection between C(X, P ®¢ A) and [G, C]((P, *) x (X, m3), (A, *,4)) is a routine applic-
ation of the properties of ¥y : P x P —— G. Therefore L 4 R. Observe that the conunit of
the adjunction is given by the evaluation map ev : (P, *) X (P Qg A, m) — (A, *,4).

We must show that L - R satisfies Frobenius reciprocity; i.e., that the map (P, *) x (X x
P®cA, my) — (P, %) x (X, m) X (A, *4) givenby (p, x, p'®a) = (p, x, ¥ (p, p')*aa)
has an inverse. It is easy to check using the properties of s that the assignment (p, x, a) —
(p, x, p ® a) defines a G-homomorphism and is the required inverse.

Also observe that X5 (P, x) = 1 because ! : P —— 1 is a regular epimorphism. There-
fore X6LX = X6((P, %) x (X, m)) = X and so L - R is over C as required.

It is clear that we have now established a categorical equivalence between principal G-
bundles and adjunctions. This is because any L < R over C that satisfies Frobenius recipro-
city is uniquely determined by L1 and, in the other direction, the principal bundle associated
with the adjunction (P, *) x (_, mp) 4 P ®¢g (L) is (P, *).

Finally we prove that, in fact, the adjunction L — R is stably Frobenius. Let (B, *p) be an
object of [G, C]. We must check, for any G-homomorphism n : (A, *4) — (B, *3p)
and any f : X P ®¢ B that the canonical map (P, *) X (X Xpg.s P Q¢
A, m) —— ((P, %) X (X, m2)) X B,y (A, *4) is an isomorphism. Given that we have
already established an isomorphism (P, %) X (X X PQg A, m3) = (P, x) X (X, mp) X (A, *4)
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Principal bundles as Frobenius adjunctions 7

this is just a question of verifying that the subobject of (P, x) X (X x P ®¢g A, m,) determ-
ined by {(p,x, p’ ® a)|p* ® b* = p’ ® n(a)} corresponds under this isomorphism to the
subobject {(p, x, a)|¥ (p, p*) *xp b* = n(a)} of (P, x) x (X, m) X (A, x,) (Where we are
using p* ® b* for f(x)). It must also be verified that the isomorphism is over (B, *g). Both
easily follow again from the properties of .

In the proof above we did not use the fact that ! : P —— 1 is an effective descent
morphism in the construction of a Frobenius adjunction from the principal bundle (P, *);
we only exploited the fact that it is a regular epimorphism. It follows that as a side result we
immediately have the following lemma:

LEMMA 3-2. Say G is an internal group in a cartesian category C, (P, %) a G-object such
that the morphism (%, ) : G X P —— P x P of C is an isomorphism and ! : P —— 1
a regular epimorphism. Then, ! : P —— 1 is an effective descent morphism and (P, %)
is a principal G-bundle (provided G is such that G* has a left adjoint and the resulting
adjunction satisfies Frobenius reciprocity).

Our main result is now an easy application of the case X = 1:

THEOREM 3-3. Let C be a cartesian category and G an internal group with the property
that the functor G* : C — [G,C] has a left adjoint T such that ¥ - G* is stably
Frobenius, and let X be an object of C. Then there is an equivalence between the category
of principal G-bundles over X and the category of adjunctions L 4 R : C/ X =[G, C] that
are stably Frobenius and are over C (i.e. XgL = Xx).

Proof. By the proposition all that is required is a proof that the category of adjunc-
tions L' 4 R : C/XZ[G x X,C/X] over C/X that satisfy Frobenius reciprocity is
equivalent to the category of adjunctions L 4 R : C/X =[G, C] over C that are stably
Frobenius. To see that this is sufficient to complete the proof recall from above that
[G,Cl/ (X, m) = [G x X,C/X] and so the assumption that ¥; - G* is stably Frobenius
implies that (G x X)* : C/ X — [G x X, C/ X] has a left adjoint and the resulting adjunction
satisfies Frobenius reciprocity, allowing the proposition to be applied. Now any adjunction
LAAR:C/X Z[G,C]overC factors as

C/X_’C/XXX [G Cl/(X, 712)<_[G C]
Ak (X,73)

and so gives rise to an adjunction L x ,)%a, 7 A% R(x.,) Which can be seen to be over C/ X;
this adjunction satisfies Frobenius reciprocity because L = R is stably Frobenius (and the
property of satisfying Frobenius reciprocity is preserved by composition of adjunctions).
In the other direction say we are given L' 4 R’ : C/X =[G x X,C/X] over C/X that
satisfies Frobenius reciprocity. Then by the proposition L’ < R’ is stably Frobenius and so
the composite adjunction

C/X —[G.Cl/(X, 7T2) [G ]

is stably Frobenius. It can be readlly checked that this composite adjunction is over C and
that the two constructions establishes an equivalence between two categories of adjunctions.

COROLLARY 3-4. For an adjunction L 4 R : C/X =[G, C] over C the following are
equivalent:
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8 CHRISTOPHER F. TOWNSEND

(1) L H R is stably Frobenius;
(2) Lg:x 1 Rg+x satisfies Frobenius reciprocity; and
(3) Lg+z 1 Rg+z satisfies Frobenius reciprocity for every object Z of C.

We do not use these characterisations below; they are included here because they can be
applied to show that geometric morphisms between bounded toposes over a base topos Set
can be characterised as Loc-indexed adjunctions (in the sense of indexed category theory,
e.g. [J02, B1]). It is hoped to make this the subject of a separate paper.

Proof. Clearly (1) implies (3) implies (2) because (3) and (2) are weaker conditions than
(1). (2) implies (1) because if Lg«x - Rg+x satisfies Frobenius reciprocity then so does the
adjunction C/X = C/X x X =[G, C]/G*X. This latter adjunction, as we have remarked
in the proof of the theorem, is over C/ X and so we may apply the ‘Further’ part of the
Proposition 3-1 to conclude that it is stably Frobenius.

In the case C = Set, the generic principal G-bundle, (G, m), corresponds to the étale point
of the topos of G-sets; the right adjoint constructed in the Theorem is then the usual forgetful
functor (forget the G-action).

4. Extending to groupoids
The above definitions and results can easily be generalised from groups to groupoids. If
. d
G = (G xg, G — G, d::O G)) is an internal groupoid in a cartesian category C then

((G1)g,, m) is itself a ‘special’lobject of [G, C] in the sense that ((G1)g,, m) X (Ag, *4) =
((G1)g,» m) x G*A where G* : C — [G, C] is the functor that send an object X of C to the
G-object (r; : Go x X — Gy, d, x Idy). The data for a principal G-bundle additionally
includes a map g : P —— G that is invariant under the action. The proofs above go
through essentially unchanged, so we content ourselves with stating the following theorem:

THEOREM 4-1. Let C be a cartesian category and G an internal groupoid with the prop-
erty that the functor G* : C — [G, C] has a left adjoint X such that g - G* is stably
Frobenius and let X be an object of C. Then there is an equivalence between the category
of principal G-bundles over X and the category of adjunctions L 4 R : C/ X =[G, C] that
are stably Frobenius and are over C.

If C = Set then this Theorem captures an instance of Diaconescu’s theorem, because prin-
cipal G-bundles are the same thing as G-torsors in this case. However, the applications that
we focus on here are to geometric morphisms.

5. Application to geometric morphisms

We now apply our results to the case C = Loc, the category of locales and so G is a
groupoid internal to Loc; i.e. a localic groupoid. See, for example, [J02, part C] for relevant
background material. Our aim is to explain how to apply the results above to show that
geometric morphisms f : Sh(X) —— BG are the same thing as principal G-bundles over
X, where Sh(X) is the topos of sheaves for a locale X and BG is the topos of G-equivariant
sheaves; that is, the full subcategory of [G, Loc] consisting of G-objects, (A,, *4) such that
g : A —— Gy is a local homeomorphism. G is the étale completion of G; see, e.g. [J02,
C5-3-16] for a description of étale completion. We will show that we cannot hope to apply the

do
result for arbitrary localic groupoids G = (G, —= Gy), but we can for the two important
d
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special cases of (i) an open and (ii) a proper localic groupoid; that is, dy (equivalently d;)
is (i) open and (ii) proper. To apply Theorem 4-1 we need to make two connections. Firstly
we need to recall that geometric morphisms f : F —— £ between any two elementary
toposes F and &£ can be represented as stably Frobenius adjunctions X, 4 f* between the
corresponding categories of locales (that is, between Loc and Locg). Secondly we need to
recall what conditions are required to ensure that the equivalence Locgg >~ [(@, Loc] holds
(it is well known that Locg,x) =~ Loc/ X; e.g. [J02, theorem C1-6-3]). The following two
propositions address how to make these two connections in turn.

PROPOSITION 5-1. For any two elementary toposes F and & there is a categorical equi-
valence between the category of geometric morphisms from F to £ and the category of
adjunctions L 4 R : Locr = Locg that are stably Frobenius and have R preserving the
Sierpinski locale.

Proof. This is essentially the main result of [T10b]. If f : F £, isa geometric morph-
ism between elementary toposes then there is a ‘pullback’ adjunction X - f* between the
category of locales in F and the category of locales in &£, with the right adjoint being given
by pullback in the category of elementary toposes. [T10b] shows how [J02, C2-4-11] can
be used to easily show that the adjunction X 4 f* satisfies Frobenius reciprocity for any
geometric morphism f and, moreover, shows that any such adjunction, L - R, arises in this
way from a uniquely determined geometric morphism, provided R preserves the Sierpiniski
locale and its internal distributive lattice structure. But for any locale X over & there is a
geometric morphism fx : Shr(f*X) —— She(X) obtained by pulling back along the loc-
alic geometric morphism Sh(X) — £. [T10b, lemma 3-2] confirms the easily observed
fact that the pullback adjunction X7, — (fx)*is (¥f)x 4 (f*)x (under Locg,x) = Loc/X)
and so X - f™ is stably Frobenius since (X¢)x 3 (f*)x satisfies Frobenius reciprocity for
each X.

For all localic groupoids G, the functor G* : Loc — [G, Loc] has a left adjoint since Loc
has coequalisers. But the resulting adjunction does not necessarily satisfy Frobenius reci-
procity. To see this, consider a regular epimorphism f : X — Y in the category of locales
that is not stable under products (so, there exists a locale Q such that X x Q Tdox] Y xQ
is not a regular epimorphism - see [P97, p39, preamble to lemma 4-4], for a specific ex-
ample of such f and Q). Let G be the groupoid determined by the kernel pair of f. Then
Yg(l) =Y and G*Qis (X x @, (X xy X) x Q Toxldg X x Q), and so LgG*X is the
coequaliser of the product of the kernel pair of f and Q. By assumption this coequaliser
isnot Y x Q and so we cannot have Xg(1 x G*(Q)) = Xg(1) x Q and Xg - G* does
not satisfy Frobenius reciprocity. So, ensuring that ¥z - G* is stably Frobenius must re-
quire some further assumptions of G. The following proposition describes two cases of such

further assumptions:

PROPOSITION 5-2. If G is an open or proper localic groupoid then:
(1) Locgg >~ [G, Loc] over Log; and
(ii) the adjunction g 4 G* : [G, Loc] <= Loc is stably Frobenius.

Proof. (1) [J02, theorem C5-1-5] shows that locales descend along geometric morphisms
f + F —— &, whenever f is an open surjection or a proper surjection. For any localic
groupoid G there is a surjective geometric morphism d : Sh(Gy) —— BG (whose in-
verse image is the forgetful functor), and it is easy to see that the definition of ‘locales



341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359

360
361
362
363
364
365
366
367
368

369

370
371
372
373
374
375
376

371
378
379
380
381
382
383
384

10 CHRISTOPHER F. TOWNSEND

descend along d’ (see [J02, the preamble to lemma 5-1-2]) is equivalent to the assertion that
Locge =~ [(@, Loc] because G is by definition the localic groupoid determined by pulling
back d against itself [J02, C5-3-16].

[J02, lemma C5-3-6 ] shows that for an open (or proper) localic groupoid G the geometric
morphism d is an open (or proper) surjection and so Locgg =~ [G, Loc] as required.

The forgetful functor [@, Loc] —— Loc/ Gy corresponds to d* : Locggz — Loc/ Gy
under this equivalence and since the forgetful functor is monadic, it reflects isomorphisms.
Using yg for the geometric morphism BG —— Set, observe that d*y; =~ G and so the
equivalence Locgg =~ [@, Loc] can be seen to be over Loc since Gy is the locale of objects
of G.

(ii) is clear from (i) because yg induces a stably Frobenius adjunction X,, 4 y¢
Locge <= Loc by the last Proposition and we have observed that y& maps to G* under
Locgg =~ [@, Loc]

Alternatively, (ii) can be proved directly. If G is open (or proper) then so is its étale
completion [J02, C5-3-16]. But asserting that the adjunction £z - G* is stably Frobenius
can be seen to be equivalent to asserting that the coequaliser determined by X (A, *4) is
pullback stable. This is well known to be the case if the groupoid is open or proper because
the coequaliser determined by Xg(A,, *4) must be open (e.g. [J02, proposition C5-1-4])
and open (and proper) coequalisers are pullback stable.

Remark 5-3. It is worth noting that the direct proof of (ii) can be done axiomatically
(using an axiomatic system similar to [T10a]). This shows that statements and results about
open maps are formally dual to statements and results about proper maps. It also follows
that we could apply our main result to [G, Loc], without going to the étale completion; but
the cost is that [G, Loc] will not necessarily be a category of locales for some topos. As
future work it may be worth examining whether axiomatic approaches to locale theory are
stable under the formation of the category of G-objects, where G is not necessarily étale
complete. This could provide a category of ‘spaces’ more granular than the category of
bounded toposes and still capable of classifying principal bundles.

We now state and prove our main application.

THEOREM 5-4. Let G be a localic groupoid and X a locale.

(1) If G is open, there is an equivalence between the category of geometric morphisms
Sh(X) —— BG and the category of principal G-bundles over X. The principal
bundle maps f : P —— X that arise in this way are always open surjections.

(ii) If G is proper, there is an equivalence between the category of geometric morphisms
Sh(X) —— BG and the category of principal G-bundles over X. The principal
bundle maps f : P —— X that arise in this way are always proper surjections.

Any Grothendieck topos is equivalent to BG for some open localic groupoid [J02, C5-2-11],
so (i) provides a principal bundle description of the points (with localic domains at least) of
arbitrary Grothendieck toposes. In fact one can always choose an étale complete open localic
groupoid to represent a Grothendieck topos [J02, C5-3-16], and so for any Grothendieck
topos & there is a localic groupoid G such that geometric morphisms Sh(X) — & (over
Set) are the same things as principal G-bundles over X. (i) is originally observed in [B90]
using different methods. (i) restricted to étale groupoids; that is, groupoids such that dy
(equivalently d,) is a local homeomorphism, is covered in [196] and [191].
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Proof. (i) and (ii) together: the proof is essentially a question of applying our main
theorem (Theorem 4-1), given the last two propositions. Notice for any adjunction
Loc/ X = Locpg that is over Loc, the right adjoint must preserve the Sierpinski locale be-
cause both y& : Loc —— Locpg and X* : Loc —— Loc/X preserve the Sierpifiski
locale.

For any principal bundle (f : P —— X, * : G| X, P —— P) determined by either
the equivalence of (i) or (ii), it should be clear that the morphism f is an open (or proper)
surjection. This is because it is determined by pullback of the open (proper) surjection d :
Sh(Go) —— BG and open (proper) surjections are pullback stable.

6. Further work

There are two areas where more detailed further work should easily yield specific
results:

(1) Results of Moerdijk [I190] show how geometric morphisms can be described as certain
locales with actions, and so are similar to our results. In that paper the actions are of a
localic category, rather than a localic groupoid and so it is not immediately clear how to
relate Moerdijk’s results back to ours. However the key construction of [190] also uses a
tensor, similarly to our results, so there appears to be a close relationship.

(2) In this paper we have only looked at geometric morphisms Si(X) —— BG over
Set, rather than general geometric morphisms 7 —— BG. For F bounded over Set we can
always find an open groupoid H so that such general geometric morphisms can be represen-
ted as stably Frobenius adjunctions between [H, Loc] and [G, Loc]. It is expected that in a
category whose objects are stably Frobenius adjunctions over some base cartesian category
C (and whose morphisms are stably Frobenius adjunctions over C), any object of the form
[H, C] is a suitable coequalizer (perhaps of the simplicial diagram determined by H). In this
way it should be straightforward to extend the results from S4(X) to an arbitrary bounded
topos F, so providing a description of general geometric morphisms as a locale over two
bases (Hy and G,) with two (interacting) groupoid actions such that one of the actions is
principal.
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