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Abstract

Localic triquotient maps were studied by Plewe as a natural general-
ization of open and proper localic surjections. Using a weaker notion of
triquotient assignment, introduced by Vickers, arbitrary proper and open
locale maps can be studied. This paper gives an axiomatic account of
the theory of weak triquotient assignments, recovering what is known lo-
calically: triquotient surjections are of effective descent, proper and open
maps are pullback stable. Triquotient inclusions are also characterized.

The axiomatic account covers compact Hausdorff and discrete objects,
and it is shown that these form regular categories, a fact observed by
Taylor using a different axiomatization.
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1 Introduction

This paper offers an axiomatic account of triquotient maps in locale theory
recovering the main results known of these maps: they are pullback stable and
triquotient surjections are of effective descent. It is also shown how to recover an
axiomatic theory of open and proper maps using weak triquotient assignments,
thereby giving an axiomatic account of discrete and compact Hausdorff objects.
The key is a representation theorem for weak triquotient assignments in terms
of natural transformations.

In topology a triquotient surjection, p : Z — Y, is a map with a triquotient
assignment; that is an assignment

py : Opens(Z) — Open(Y),

required to satisfy certain conditions. These maps were originally studied in
point set topology by [Michael 77] as a useful class of pullback stable coequal-
izers. Localic triquotient assignments were introduced by Plewe ([Plewe 97])
in his localic description of the triquotient surjections from topology. Localic
triquotient surjections conservatively extend topological triquotient surjections



between spaces provided the codomain space is Tp (that is, provided each point
is an open subspace of its closure). It is shown in [Plewe 97] that localic triquo-
tient surjections are effective descent maps for the category of locales, a result
which generalized the same conclusion for open surjections ([JoyTie 84]) and
proper surjections ([Vermeulen 93]).

Subsequently a weaker notion of triquotient assignment was introduced by
Vickers [Vickers 01a], and it is this notion that we shall explore in this paper. In
contrast to Plewe’s definition this notion does not force a triquotient map to be a
surjection, indeed every locale map has a weak triquotient assignment. Vickers,
[Vickers 0la], conjectured that the weak triquotient assignments on a locale
map p: Z — Y are exactly the points of the double power locale onp: Z — Y
relative to the topos of sheaves over Y. This was proved in [Townsend 03] and in
[TowVic 02] it is shown that the points of the double power localeonp: Z — Y
can be represented by maps in the presheaf category

[(Loc/Y)°P, Set]

i.e. they can be represent by certain natural transformations, where Loc/Y is
the category of locales sliced over Y. Combining these observations we have
that weak triquotient assignments can be represented by natural transforma-
tions, and the main technical result of this paper is an axiomatic account of
this representation theorem. From this our key results follow by reasonably
straightforward categorical arguments. The key results are

(a) weak triquotient assignments are pullback stable and satisfy Beck-Chevalley,

(b) triquotient surjections are pullback stable and of effective descent,

(¢) triquotient inclusions are exactly the finite meets of open and closed
subobjects; and

(d) the categories of discrete objects and of compact Hausdorff objects are
both regular.

(a), (b) and (c) have not been shown axiomatically though all are known for
the category of locales. An axiomatic account of (d) does exist in [Taylor 00],
but our approach using weak triquotient assignments is new.

The analysis also covers some of the basic relationships familiar from locale
theory and sheaf theory: (i) a locale map p : X — Y is proper if and only if
it is compact as a locale internal to the category of sheaves over Y (denoted
Sh(Y)) and (ii) for any topological space X, LH/X ~ Sh(X) where LH/X is
the category of local homeomorphisms over X.

The category of locales is our canonical example of a category which satisfies
the axioms. The category of locales has been investigated by a number of authors
([Johnstone 82]) and can be considered as a good framework for constructive
topology; that is, an account of topology without an assumption of the excluded
middle. An advantage of the category of locales is the greater logical generality
but a disadvantage is that not every result about topological spaces has a clear
localic analogue. However we also show that the category of finite posets is a
model for our axioms. Using this model, and borrowing techniques of Janalidze
and Sobral ([JanSob 02]) we prove that the axioms do not imply that every



effective descent morphism is a triquotient surjection; this is in keeping with
the topological case.

An achievement of the axioms offered in this paper is that the observed
parallel between proper and open maps (e.g. [Townsend 96|, [Vickers 95] and
[Vermeulen 93]) can now be expressed as a formal duality. One of the axioms will
be that the category is order enriched and all the other axioms are stable under
order duality. The axiomatic theory of open maps is identical to the axiomatic
theory of proper maps in the order dual. It follows that the axiomatic theory
compact Hausdorff locales is identical to the axiomatic theory of discrete locales
([Taylor 00] also enjoys this duality). Of course it would be difficult to argue,
topologically, that the theory of compact Hausdorff spaces is the same thing
as the theory of discrete spaces (i.e. set theory) and so this presents a barrier
to further work giving an entirely axiomatic account of topology. However the
axioms of this paper represent a general formal account of the proper/open
parallel.

The final section gives an axiomtic proof of Vickers’ result about localic
locales, [Vickers 01b]. The study of localic locales is the study of locale like
objects internal to the category of locales. More formally the category of localic
locales is the opposite of the category of algebras of the double power locale
monad. The final section begins with an axiomatic account of the double power
locale which is achieved by strengthening one of the axioms.

2 Locales, Dcpos and Natural Transformations

Let us recall some definitions and notation from locale theory. We assume
familiarity with basic lattice theoretic and categorical definitions and notation
(see, for example, [Johnstone 82] and [MacLane 71]). A frame is a complete
lattice which satisfies the distributivity law

a/\\/Tz\/{a/\HtGT}

for any element a and subset 7. A frame homomorphism preserves arbitrary
joins and finite meets and so a category, Fr, of frames is defined. A frame
will be denoted QX , where X is the corresponding locale. This comes from the
definition of the category of locales:

Loc = Fr?,

that is, the category of locales is taken to be the dual of the category of frames.
There is therefore notational but no mathematical difference between a locale
and a frame. Given a locale map f: X — Y (i.e. the localic notion of a contin-
uous map between spaces) the corresponding frame homomorphism is denoted
Qf : QY — QX. For every topological space, X, a locale can be defined by
QX = Opens(X). So, notationally, we also use X for the locale corresponding
to the space. A continuous map between topological spaces therefore gives rise
to a locale map.



The category of frames can also be described using the category, dcpo, of di-
rected complete partial orders with directed join preserving maps as morphisms
(i..e Scott continuous maps). It is cartesian closed and a routine calculation
shows that dcpo tensor is given by binary product (i.e. A® B = A x B for
any dcpos A, B). From this it can be shown that the category of all order
internal distributive lattices, denoted DLat(dcpo), is isomorphic to the cate-
gory of frames. The expression ‘order-internal’ in this context means that the
meet(join) operation is required to be the right(left) adjoint to the diagonal in
the order enrichment. In summary,

Loc = DLat(dcpo)™.
Now coequalizers exist in the category of dcpos (widely known, see, for
f

example, [TowVic 02]) and from this the locale equalizer of X : Y can be

g
calculated: it is the locale map whose corresponding frame homomorphism is
given by the dcpo coequalizer of

1><1*><>Qf 1xV A
QX xQX xQY = QX xQX xQX = QX x QX - QX
1x1xQg

where A,V : QX x QX — QX are the binary meet, join operations. A categor-
ical proof of this has been included as an Appendix, where it is shown how to
calculate order enriched coequalizers in DLat(C) from order enriched coequal-
izers in C for any order enriched cartesian closed C. By ‘order enriched’ colimit
or limit we mean that the bijection contained in the definition of colimit/limit
must be order preserving. For the example of order enriched binary product
this means that if X,Y are objects in an order enriched category C then for
any third object W the bijection

C(W,X) x C(W,Y) = c(w, X x Y)

is required to be order preserving. Dcpo coequalizers are order enriched.

Locale products can be described using suplattice tensor, [JoyTie 84]. A
suplattice is a complete lattice and a suplattice homomorphism is an arbitrary
join preserving map. For any locales X,Y

QX xY) = QX Qgup QY

where Sup is the category of suplattices. The diagonal map A : X — X x X is
defined by QA(a; ® as) = a3 Aag. The initial frame, €, is defined by Q = P{x};
that is, the power set of the singleton set. Classically 2 = {0 < 1}, but this is
not true without an assumption of the excluded middle.

Although the theory of frames contains an infinitary join operation it is
suitably algebraic since coequalizers exist, and free frames can be constructed,
see e.g. Ch. II in [Johnstone 82]. Frame limits (i.e. locale colimits) are created



in Set and can be seen to be order enriched. Frame presentations present, for
example the frame

OS =Fr({})

is well defined; that is, the free frame on a single generator. 2S can be described
more concretely as the set of monotone maps from {0 < 1} — Q. Classically,
therefore, (1S is the three point chain. The corresponding locale S is known as
the Sierpinski locale and will play a central role in what follows. The category of
locales is order enriched (it inherits this from dcpo) and S is an order internal
distributive lattice. This follows by a routine calculation from the definitions of
ls:1 =8, M:SxS—=§,05:1—=8S andU:S xS — S by

Olg(x) 1q

QM (x) = *Q=x*

Q0s(x) = 0Oq

QU = *®1V1®x*

The category of locales enjoys the following slice stability property proved
in Joyal and Tierney’s paper [JoyTie 84],

Loc/Z ~ Locgy(z)

for any locale Z, where Locgy,(z) is the category of locales internal to the topos
of sheaves over Z. Therefore any constructive statement true of the category of
locales is true of the slice Loc/Z for any locale Z. For example the Sierpiniski
locale exists relative to Z: it is given by m : Z x S —Z for which we will use
the notation Sy.

A result in [TowVic 02] shows that for any locales Y and X, dcpo homo-
morphisms QY — QX are in natural order isomorphism with

Nat[Loc(- x Y,S),Loc(- x X,S)]

where Loc(_x Y, S) : Loc”” — Set is the presheaf for any locale Y and Nat[] is
the collection of natural transformations ordered componentwise in the obvious
manner. This isomorphism is an extension, to dcpo homomorphisms, of the
obvious mapping:

Qf — Loc(- x f,8S)

for any frame homomorphism Qf : QY — QX. The proof of this, it is shown
in [TowVic 02], holds relative to any locally small topos, so combining with the
Joyal and Tierney correspondence we have that there is an order isomorphism
between

Nat[Loc/Z(-xY,Sz),Loc/Z(_x X,Sz)]

and dcpo maps Qgp(2)Y — Qgpz) X for any locales X,Y in Sh(Z). Here
Loc/Z(-xY,Sz) : (Loc/Z)°? — Set.



This representation of dcpo maps relative to any locale is the starting point
for the ideas in this paper. Once we have a suitable axiomatization for S,
which will be slice stable, then we have a categorical account for dcpo maps
between frames: they are certain natural transformations. The remainder of the
axiomatization concerns itself with ensuring that the relationship between these
natural transformations and continuous maps mimics (in every slice) the known
relationship between dcpo maps and locale maps. The known relationships that
we mimic axiomatically are

(a) dcpo isomorphisms between frames necessarily correspond to locale iso-
morphisms (which is easy lattice theory),

(b) locale coequalizers give rise to dcpo equalizers (which holds since both
frame and dcpo equalizers are calculated in the background set theory), and

(¢) locale equalizers can always be calculated via depo coequalizers (as de-
scribed above).

3 The Axioms

We now present axioms on a category C, and discuss how the category of locales
satisfies each. The proofs are all in the literature.

Axiom 1 C is an order enriched category with order enriched finite limits and
order enriched finite colimits.

This is well known for locales (e.g. [Johnstone 82], [Vic 89]), and we have
outlined how limits and colimits are constructed in the previous section. It
should be clear, from construction, that the limits and colimits for C = Loc
are all order enriched. For any objects Z of C, the forgetful functor C/Z — C
creates finite order enriched limits and colimits, and so this axiom is stable
under slicing.

Axiom 2 For any objects X, Y andW inC/Z, X x(Y4+W) =2 X xY+X xW.
Further X x 0= 0.

This is a known distributivity law for the category of locales. To prove it,
recall that Q(Y + X) = QY x QX, i.e. locale coproduct is given by taking the
set-theoretic product of the underlying frames. But QY x QX can be verified to
be suplattice coproduct of QY and Q2X. This distributivity law for locales then
follows by a routine universal argument using the suplattice tensor description
of locale product and the fact that the category of suplattices is cartesian closed.
The axiom is true in Loc/Z for any Z since the argument is constructive and
so valid in Sh(Z).

Axiom 3 There is a non-trivial order-internal distributive lattice denoted S
such that given a pullback

a* Z) — 1
! L
X 4 s



a is uniquely determined by a*(i) — X fori:1 — S equal to either Og or ls.

This is observed in Ch. 8 [Townsend 96] for the category of locales. That S
is an order internal distributive lattice is observed above. By the definition of
S via the free frame on a single generator we have that Loc(X,S) =2 QX. For
it =1g: 1 — S therefore note that a square

W — 1
fl 1 1s
X &% s

commutes in Loc if and only if Qf(a) = 1w, and that this is true if and only
if Qf : QX — QW factors via the frame homomorphism a A (1) : QX —] a.
Therefore | a is the frame corresponding to the pullback of 1s : 1 — S along
a, i.e. Qa*(lg) 2| a. But | a1 =] as (in Sub(X)) implies a1 = as, and so the
axiom is proved for locales when ¢ = 1 : 1 — S. For i = 0s : 1 — S use an
identical argument with a Vv (1) : QX —7 a in the place of a A (_) : QX —| a.

We refer to S as a Sierpiniski object if it satisfies this axiom. Without non-
triviality the terminal object 1 would always be a Sierpinski object. A variation
on this axiom also, in effect, appears in [Taylor 00] via Definition 2.2. The
category of locally compact locales satisfies Axiom 3 as it has all pullbacks
of the form required. However it does not have arbitrary equalizers and so
is not a model for our axioms. Note further that since a Sierpinski object
is required to be an order-internal distributive lattice it is not the case, even
with an assumption of the excluded middle, that the subobject classifier 2 is a
Sierpiriski object relative to Set. Aside from {0 < 1} in the category of posets,
Pos, we have been unable to exhibit a non-standard Sierpinski object even with
an assumption of the excluded middle. Thus it has not been possible to prove
each of the following axioms independent. This paper is therefore only offering
a possible axiomatization of Loc; sharper axiomatizations may exist.

The property of having a Sierpinski object is stable under slicing. It can
be verified that Sz = 7 : Z x S —Z is a Sierpiniski object in C/Z if S is a
Sierpinski object in C. To see this note that

!

Z x1 - 1
Ix1s| Is |
ZxS 2§

is a pullback and to prove that a,b: W — Sz are equal in C/Z it is sufficient
to show maa = mob.

In the next axiom, for any object Z, and for any object X in C/Z we use
the notation S§ for the functor

(C/Z)* — Set
Y — C/Z(Y x X,Sz)
It can be verified, using Yoneda’s lemma, that S§ is the exponential

C/Z(,82)¢/7%)



in the presheaf category [(C/Z)°P,Set]. All the presheaves we consider are ei-
ther representable or of the form S%; the notation C? denotes the full subcat-
egory of [(C/Z)°P, Set] consisting of objects of the form S%. By an application
of Axiom 2 we have that C? is closed under binary products since

X+Y
SZ

sy

I

S¥ x SY and

L,

I

for any X,Y in C/Z. Note that therefore S5 is an order internal distributive
lattice in C% for any X in C/Z; the distributive lattice structure comes from S
and the ordering on natural transformations is the obvious pointwise ordering.
The order enrichment on C% will be repeatedly exploited in what follows.

For the case C = Loc, given the relationship between dcpo homomorphisms
and natural transformations discussed in the previous section we have that
Locy is equivalent to the category of frames relative to sheaves over Z, with
morphisms all decpo homomorphisms. This is because the mapping

Qsn(z)X — S¥

is the object part of a full, faithful and essentially surjective functor to Loc?.

The functor S(é) : Loc/Z — Loc? is then equivalent to one which sends a
locale map, f, relative to Z, to the dcpo homomorphism Qgj,(7) f-

Axiom 4 For any object Z, the contravariant functor S(é) :C/Z — CY (a)
takes coequalizers to equalizers and (b) reflects isomorphisms.

This axiom, for locales over Z, is the statement that (a) frame equalizers are
calculated as dcpo equalizers and (b) if Qgp(2)Y Zdcpo Lsn(z) X via Qgp(z) f,
then X 2 Y via f. Since a dcpo isomorphism is a frame isomorphism (b) is
clear. Part (a) is immediate for locales since both frame and dcpo equalizers are
created in the background set theory and so frame equalizers are dcpo equalizers.
(Here, this set theory is Sh(Z).)

The final axiom reflects the relationship between locale equalizers and dcpo
coequalizers as outlined in the previous section and proved in the Appendix.
Locale equalizers are calculated via a dcpo coequalizer construction. This rela-
tionship is introduced as the ‘double coverage theorem’ in [TowVic 02] as it is
an extension of Johnstone’s coverage result (II 2.11 in [Johnstone 82]), though
note Section 5.2 in [AbrVic 93] for the key observation of a relationship between
different classes of coequalizers (there between frame coequalizers and suplattice
coequalizers).

Axiom 5 For any equalizer diagram



in C/Z the diagram

f €
SX 8 x 57 H(lxu)quXSZ):S)Z( S .
M1 xU)(1 x1x8%)

is a coequalizer in C where M(1 x L) is the composite
1
S¥ x SX xs¥ ZEsf xs¥ Bs¥.

This is the final axiom, and so it is clear that they are all slice stable
by construction. Note this final axiom implies that S(é) : C/Z — C takes
coreflexive equalizers to coequalizers since if ¢ : ¥ — X splits f and ¢ then
M1 x U)(1 x 1 xS%) and N(1 x U)(1 x 1 x %) factor as

ST M (1 x U)(SL x SL x Id) and
S% M (1 x U)(S%, x S} x Id)

respectively. However it does not appear possible to conclude that this axiom
is equivalent to the assertion “S(Z’) : C/Z — CY takes coreflexive equalizers to
coequalizers”. (Although every equalizer is isomorphic to a coreflexive equalizer,
we do not know, for example, whether the obvious map S§ x S5 x S} — §7*%
is an epimorphism in C%’).

Given Axioms 4 and 5, S(Z’) : C/Z — CP is also faithful since if g1, g2 : X —
Y in C/Z enjoy S} = S% then S is an isomorphism in C%’ by Axiom 5 where
e is the equalizer of g; and go. Since by Axiom 4 S(Z’) reflects isomorphisms,
this is sufficient to show that e is an isomorphism, i.e. g3 = g¢g2. Therefore
S(Z’) : C/Z — Cy is conservative (i.e. reflects isomorphisms and is faithful) and
preserves coreflexive equalizers. If it had a right adjoint we could conclude that,
via the dual of the Crude Monadicity Theorem, it is comonadic. For C = Loc

such a right adjoint exists since (see [TowVic 02]) the double exponential SSZ§
exists in [(Loc/Z)°P, Set] as a representable functor and so Loc/Z is equivalent
to a category of coalgerbas over Loc?’. Another result of this type is studied
in the Double Power Monad section below.

The category of posets does not satisfy this axiom at Z = 1. For C = Pos
we can take S = {0 < 1}. The preseheaf SX is representable as the poset UX,
the set of upper closed subsets of the poset X. Pos{” is therefore the category
whose objects are posets of the form U X and whose morphisms are monotone
maps. Now

()1
6N _ N
Id

is an equalizer in Pos where ¢ is the empty poset and N is the natural numbers
with its usual ordering. Now consider the map k : UN —U1= ), which sends a
subset to 1 if and only if it is non-empty. Note that k is a distributive lattice



homomorphism since if U; and Uy are two non-empty upper closed subsets of N
then their intersection is non-empty. But from this (and the fact that U ((-)+1)
preserves non-emptiness and emptiness) we have that & composes equally with

N1 xU)(1 x1xU()+1))
> UN
N1 x U)(1 x 1 xU(Id))

UN x UN x UN

from which k& must factor through ! : UN —U¢ =1, if the axiom were true of
Pos; this is not possible.

Finally note that Axiom 5 does not break the symmetry given by the order
enrichment. A short calculation using the distributivity assumption on S shows
that the composite LI(1 x 1) could have been used in the place of M(1 x ). The
other axioms are obviously order dual and so we have:

Theorem 6 If an ordered enriched category C satisfies the axioms then so does
its order dual, C°.

4 Finite Poset Model

In this section we outline a proof that in a Boolean topos (i.e. assuming the ex-
cluded middle) the category of finite posets, FinPos, is a model for the axioms.

By finite Stone duality (using the excluded middle) FinPos is equivalent to
FinLoc the category of finite locales (i.e. locales X such that QX is finite). For
a proof, see for example, Th. 9.4.2 in [Vic 89]. Now it can be shown (though
we omit the details) that Joyal and Tierney’s correspondence specializes to

FinLoc/M ~ FinLocgy, )

for any finite locale M. By finite, relative to Sh(M), we mean Kuratowski finite,
see for example D5.4 [Johnstone 02]. Verifying the axioms for the category of
finite locales is routine given that they have been verified for arbitrary locales
and any relevant construction preserves finiteness in Sh(M). Note that Qgp,(ar)
is finite by the (finite) Joyal and Tierney correspondence and so the power set
construction, Pgp(ar), internal to Sh(M), preserves finiteness, see [JohLin 78].
From this it can be verified that the relevant lattice theoretic constructions (i.e.
frame colimits, limits, Qg(a)Sas etc) preserve finiteness. Therefore Axioms 1,2
and 3 are verified for FinPos.

It is the case that the representation theorem of decpo homomorphisms be-
tween frames in terms of natural transformations specializes to finite locales in
Sh(M) for finite M. However we do not need the details of this specialization
of the representation theorem to prove that FinPos satisfies Axioms 4 and 5.
This is because every finite locale X, in Sh(M), is locally compact and so, see
VII.4 in [Johnstone 82], exponentiable in the category Locgy(ar). Therefore S¥
in [FinLocY, (n)» Set] is naturally isomorphic to a representable functor and so

10



by Yoneda’s lemma,
Nat[FinLocop Set] [S}\/J» SAI)\(/I]

Sh(M)>

= FinLocSh(M)(S}\fm Sar)
= LOCSh(M) (S}\//[a SAJ)\(I)

~ Y X
= Nat[Locgi(M),Set] [SMng]

= depogyan (2snan Y, Lsnan X)-

where the last line is by the representation theorem over all locales. Axioms 4
and 5 therefore hold for FinPos since they hold for Loc.

5 Change of Base

Let us recall how change of base works for the category of locales before we
state and prove an axiomatic change of base result. The first aim is to outline
how locale pullback can be described in terms of dcpo constructions. We only
outline how this works, the details are in [Townsend 03].

If f: X — Z is a locale map then, by common abuse of notation,

£ Sh(X)— Sh(Z)

is a geometric morphism from the topos of sheaves over X to the topos of sheaves
over Y. The direct image of f can be shown to preserve the property of being
an internal dcpo and further defines a functor

[ depogy,xy — depogy,(z).-

Now [Townsend 03] shows that this functor has a left adjoint, f#, and so since
every frame is a depo we have that for any frame Qgj(x)(A) internal to Sh(X)
and any frame Qgy,(z)(B) internal to Sh(Z),

depogy,x) (f#Qsn(z)(B), Qsn(x)(A)) = depogy, z)(QLsn(z)(B), [«Qsn(x)(A)).

Further it can be verified (i) that both f, and f# preserve the property of
being a frame and of being a frame homomorphism and (ii) that the isomor-
phism (x) preserves the property of being a frame homomorphism. Given these
observations we have an adjunction

f#

A

Frspnxy L Fronz).

—

fx
Now [JoyTie 84] shows that Frgyx) ~ (Loc/X)° and from the details of the
proof of this fact (e.g. C1.6 [Johnstone 02]) it can be shown that

Y :Loc/X — Loc/Z,

11



is equivalent to f¥, where X is the ‘compose with f functor’ i.e. g — fog.
Hence, since pullback is by definition right adjoint to X, we have that (f #)op
defines pullback. It follows that locale pullback can be described as change of
base using only the dcpo data involved. This extra generality has proved key
in various new results for locales [Townsend 03], and we need this extra level
of generality when discussing change of base axiomatically. Given that f# is
equivalent to pullback, taking A € Loc/X and B € Loc/Z and re-interpreting
depo homomorphisms between frames as natural transformations, (x) reads
"B gA] ~ B oXsA
Nat(Loc/x)or,set)[Sx »Sk] = Nat(Loc/z)or,set][SZ,S," -

In other words, for the category of locales, for any change of base map f: X —
Z, the adjunction ¥; - f* embeds into an adjunction

f#
J
op op
Locy L1 Locj
—

I

via S(é) : Loc/Z — Loc%. Our next lemma proves this axiomatically. Notice
that no use will be made of the classifying aspects of the Sierpiiiski object; any
object could take its place. Indeed this lemma is simple ‘abstract nonsense’ and
as such is probably known.

Lemma 7 If f: X — Z is a map in a category C with pullbacks and a given
object S then the pullback adjunction X = f* extends to an adjunction

f#
A
cY¥ L c7
—_
fs
via S(Z’) :C/Z — C%.

Proof. Take f#(SZ) to be the functor composition

X sZ
(C/X)? 2 (C/Z)P 2 Set
which, via a routine calculation, is naturally isomorphic to

f*B

S
(C/X)? % Set.
Take f.(S%) to be the functor composition

5%

/2y L (C/x)" S Set

12



which, via a routine calculation, is naturally isomorphic to

ZfA

S
(C/2)" % Set.
It is clear from the definition that the two squares

c/Xx - ¥
Splo1 S fol 15%
c/z - @ C¥

commute. So, for the claim of adjunction f# - f,,letn:1 = [, e:Xpf" =
1 be the unit and counit of the adjunction ¥ - f*. Then define 17 : I'd — fof7,
e: f#f. = 1Id, by

_ B SszB fo*B
NMsg = Sz = 8y

(for B € C/Z) and

. A
€54 = SHSl e S5
for A € C/X. The triangular identities for 77 and € are therefore immediate
from the fact that they hold for e and . =

As observed above, on objects DLat(C%) = C% since the order inter-
nal distributive lattice structure is inherited from the Sierpiriski object. This
structure is preserved by change of base in both directions as the next lemma
shows. To prove this we will need the distributivity axiom on C (Axiom 2), and
henceforth, for ease of exposition, C will always be a category satisfying all the
axioms.

Lemma 8 Given f: X — Z, Be€ C/Z then for Ae C/X

filsa = Mpsa, filga =14,

fellsa = Ujpsa, fi0sa =0psa,
and for Be C/Z

fPsp = MNpase, [Tlsp = Lysss,

fFlss = Upsgs, f#0s5 = 0psgp.

Further if f: X — Y is a morphism in C then !r(ﬁgg) =SP'f .87 - §XxvZ
where 7 is the unit of f#* 4 f., C =p: Z — Y is an arbitrary object of the slice
C/Y and!Y : Y — 1 is the unique map to the terminal object.

Proof. The assertions about f, are immediate since f, is a right adjoint
and so preserves binary products. Recall that the meet and join operations are
order internal and so are right and left adjoint to finite diagonals: if the finite

13



diagonals are preserved so are their right/left adjoints provided it is the case,
as we have here from construction, that the map f, preserves order.

For the assertions about f# it is sufficient to verify that f# preserves binary
products. This follows from Axiom 2 since

JHEE x8P) = jrsprt s Y
> §fPHTE 2 p#(SE) < f(SP).
and similarly when B = 0.
For the further part, note that the unit of the adjunction f# = f, is given

by the counit of adjunction ¥y 4 f*. This counit, at p : Z — Y, is the top
arrow of

p*f

Xxyz X 1z
f'pl Ip
X Iy

6 The Sierpinski Object

We make some observations that are consequences of the definition of S via
Axiom 3. These types of results were initially observed by Taylor in [Taylor 00].
However here the conclusions are about natural transformations, whereas Tay-
lor’s are about continuous maps and (conceptually at least) cover only sober
locally compact spaces.

Lemma 9 Ifa,b: X — S are two maps then
(a) Ms(a,b) (open) classifies a* (1) Agup(x) b*(1) and
(b) Us(a,b) (closed) classifies a*(0) Agup(x) 0*(0).
The following are equivalent
(i) a C b,
(i1) a*(1) <sup(x) b*(1) and
(i1i) b*(0) <sup(x) a*(0).

From Axiom 3 any map with codomain S closed classifies a closed subobject
and open classifies an open subobject via pullback of 1,0 respectively. However,
it seems overburdening to distinguish the different types of classification and so
the term “classifies” is used to cover either. Context should make it clear which
is meant.

Proof. (a)
1 — 1
(L,1) 1 11
sxs &S

14



is a pullback since for any p1,p> € C(Z,8), p1 Nezs) P2 = lezs) = p1 =
le(zs) and pa = 1g(z,s)- It is routine to verify that the pullback of (1,1): 1 —
S x S along (a,b) : X — S x 8 is a*(1) Agupx) b*(1).

(b) Similarly since

1 — 1
0,001 10
SxS — S

is a pullback.

(i)<=(ii). a*(1) <sup(x) 0*(1) iff the subobject a*(1) " X factors via
b*(1) O x which, by the definition of b*(1) as pullback, is the case iff big«(1) =
119", But 1% (M) is the top element of the external meet semilattice C(a*(1),S)
and so a*(1) <gup(x) 0*(1) iff 11 ¢ big«(1)-

Say a C b, then since 11¢°() = aig=(1), it follows that 11 £ big«(1), and
SO a*(l) SSub(X) b*(1>

Conversely say a*(1) <gup(x) 0*(1), then big«(1y = 119" and so the open
subspace classified by bi,- (1) (which is the pullback of 6*(1) along i« (1), i.e. the
meet of a*(1) and b*(1) in Sub(X)) is isomorphic to the subobject classified by
1D = @iy, ie. a*(1) 4 a*(1). In other words, a*(1) = a*(1) A b*(1) in
Sub(X). But, a*(1) Ab*(1) is classified by M(a,b) and so a = M(a,b), i.e. a T b.

(i)<=>(iii). (Symmetric argument.) b*(0) <gux) @*(0) iff the subobject

b (0) ta*(0)

b*(0) — X factors via a*(0) — X, iff aiy(o) = 011" (0) iff aip-(0) C 017 (0)
= 0" and so a C b implies v*(0) <gupx) a*(0). Conversely
if aip-) = 01°"(© then b*(0) = a*(0) A b*(0) in Sub(X) and so a C b since
a*(0) A b*(0) is classified by U(a,b). m

But blb* (1)

Lemma 10 Ifa,b: X — S are two maps then the following are equivalent

(i) a C b,

(i) for all xz : Z — X if axy factors through 1 : 1 — S then bxy factors
through 1:1 — S and

(iii) for all xyz : Z — X if bxy factors through 0 : 1 — S then axy factors
through 0 : 1 — S.

Proof. Immediate from the fact that the lattice structure of open/closed
subobjects agrees with the order enrichment in the manner shown in the lemma.
]

As motivation for the next lemma it is worth first looking at some facts
about the subobject classifier, Q. Now (2 is the initial frame so for any other
frame QZ, there is a unique frame homomorphism Q1% : Q — QZ; it is given by

. T .
71— \/QZ{OQZ} U {1QZ | 1< Z}.

15



From this it follows that for any function py : QZ — €, (and any ¢ € QZ,
i € Q) the weakened Frobenius law,

pu(c) Ni < pulenQZ (i)

holds. If further py is a dcpo homomorphism then the weakened coFrobenius
law,

pu(cVQUZ(0) < pulc) Vi

holds. These facts follow since i < j if and only if ¢ = 1 implies j = 1, for
truth values 4,7 in a topos (recall that = P{«}, i.e. the power set of the
singleton set, and so these facts are just basic set theory). These properties are
very particular to set theory, however they are also true in the abstract setting
that we have with S in C taking the role of a ‘subobject classifier’ and natural
transformations taking the role of dcpo homomorphisms.

Lemma 11 Ifpy : S — 'S is a morphism in [C°P, Set] then

(i) Ms (ps x 1) C py Mgz (1 x 87)

(ii) pu Usz (1xS7) T Ug(ps x 1)

The notation “#” in px is currently meaningless, but is consistent with nota-
tion later. This lemma is essentially the same as Proposition 3.11 in [Taylor 00].
However here, in contrast, there is no assumption that S# exists as an object
of C. Topologically this means that there is no assumption that Z is locally
compact.

Proof. (i) Given any object W and any a: W x Z — S, b: W — §, it needs
to be established that

Ms(ps x Dlw(a,0) Ecws) [p4 Nsz (1 xS)]w(a,b).
The left hand side is
W ((p#)z(a)ﬂb) Sxshs

which (closed) classifies [(px)w (a)]*(1) Aguswy 0*(1). The right hand side is

p)w(W x 2 TV s xs B s).

So, by the previous lemma (part (i)), it is sufficient to prove that for any x :
X — W if Ms((pg)w(a),b)z = 1% then (py)w(Ms(a,bm))z = 11X, Now if
Ms((pg)w(a),b)z = 11X, then # : X — W factors through (pg(a))*(1) and
b*(1), ie. [(pg)w(a)]lz = 11X and bz = 1%, By naturality of py,

(p#)w (Ms(a,bm))z = (py) x (Ms(a, bry)(z x 1)).

16



But,

xx1 a,bmy

XxZ28wxz@sgxsEs

= X xzeDhmg g

(a(zx1),1

XXz
= XxZ ). )SXS@S
a(zx1)

= XxZ —='8S

where the last line follows since 1!X*# is the unit of the semilattice C(X x Z,S).
Therefore,

(p#)w(Ms(a,bm))x = (pg)x(a(z x 1))

= [(pg)w(a)lz  (by naturality of py)
X,

(ii) The proof is entirely order dual, using (iii) of the previous lemma. m

7 Representation Theorem for Weak Triquotient
Assignments

Weak triquotient assignments will be used to define triquotient surjections, the
class of maps which we wish to show are of effective descent. Further the idea
of a weak triquotient assignment is a useful stepping stone towards a discussion
of proper and open maps. This is because both proper and open maps are
maps with weak triquotient assignments and it is pullback stability of weak
triquotient assignments that can then be used to recover the more familiar
results ([Vermeulen 93], [JoyTie 84]) that proper and open maps are pullback
stable.

The next lemma exploits the distributivity axiom required of S and will
provide a single equation characterization for the definition of weak triquotient
assignment to follow.

Lemma 12 Givenp: Z — Y and a natural transformation py : S% — SY then

1x1x§8SP
SZx8?xsY — T, 8% x8% x§%
(71,7, M1, m2)) N1 x U)
Y Y
S% xSY x §% s%
p#xlxp# D4
Y Y

¥ xg¥ xgv _ D0xD)
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commutes if and only if

(a) p#(c) 110 E py(cM1SP(b))

and

(b) p#(cUSP(b)) T pg(c) Lb.

Proof. Written lattice theoretically, the commuting diagram is saying

py(cr Mo USPB)]) = (px(cr) NO) Upg(erMea) (%)

for all 1, c2“€”SZ and Vb“€”SY and this certainly implies (a) and (b) by taking
co = 0 to obtain (a) and ¢; = 1 to obtain (b).

Showing the converse is a straightforward exercise in the distributivity ax-
iom. Assume (a) and (b). Certainly pg(c1 Mea) T pg(er M e USP(D)]). Also

(pg(c1)M1b) T pyler MSP(D))
T pylerMlea LSP(b)])

and so RHSCLHS for (x). By distributivity the RHS of (x) can be re-expressed
as p (c1)M[bUpy (c1Mez)] (since py(cilez) & py(c1)). But, pa(ciNeoUSP(0)]) E
p(c1) and so it remains only to verify that

py(c1 Mea USP(B)]) T bU pg(cr Mea).
This follows since,

pu(c1 M2 USP(D)]) = pg(ler Mea] Uler MSP(D)])
C  pu(ler Mea] USP(D))
C pglcrMeg)Ub.

Definition 13 Ifp: Z — Y is a morphism in C then a weak triquotient assign-
ment on p is a natural transformation py : S — SY satisfying the conditions
of the lemma.

Lemma 11 of the previous section is therefore showing that every map py :
S% — S is a weak triquotient assignment on !: Z — 1.

Weak triquotient assignments on locales were originally introduced as (very)
weak triquotient assignments by Vickers in [Vickers 0la] using different, but
equivalent, equations. They are generalizations of Plewe’s localic triquotient
assignments, [Plewe 97|, but are strictly weaker since the existence of one of our
weak triquotient assignments on p does not imply that p is a surjection. In fact
every map has two trivial triquotient assignments.

18



Example 14 Ifp: Z — Y is a map in C then
§7 - 158
and
§7 -1 58Y

are both weak triquotient assignments on p. This follows since both sides of the
defining equation are, respectively, 0 and 1 for each ci,co € S and b € SY .

So, there can be no claim that weak triquotient assignments on p are unique
as every map with non-trivial codomain has at least two triquotient assignments
(they are bottom and top in the poset of all weak triquotient assignments).

Let us now introduce the non-trivial examples of weak triquotient assign-
ments that will guide our applications.

Example 15 [Michael 77] If p : Z — Y is a continuous map of topological
spaces then p is called a surjective triquotient map if there exists a map py :
Opens(Z) — Opens(Y') such that

(T1) p4(U) € p(U)

(T2) py(Z) = ¥

(T3) pu(U) Cpu(V)ifUCV

(T4) for ally € px(U) and each directed cover W of p~Y(y) NU there exists
V e W such that y € px(V).

Certainly W covers p~t(y) N UT W for any directed collection W and any
y. But then y € pu(U' W) implies there exists V. € W such that y € pu(V)
from which we see that (T4) implies that py|\J' W C Ul/ew px(V) and so
pyx is a depo homomorphism given, (T3), that it is monotone. (T4) implies
px(U)NV C pe(Unp= (V) sincey € V implies {UNp~ (V) } covers p~* (y)NU.
Further if y € pg(UUp= V) and y ¢ V then {U} covers p~1(y) N (U U f~1V)
and so px(UUp~ 1 (V) C pu(U)UV. Therefore, with (T3) and (T4) we have

px(U)NV C pe(Unp (V)
prUUP~H (V) S pp(U)UV
which is sufficient to show that py is a weak triquotient assignment for C = Loc,
treating Z and Y as locales via their frames of open subsets. Examples of maps
py that arise in topology are via sections (py = s~! for a section s), open

surjections (py =direct image) and proper surjections, i.e. closed surjections
with compact fibres (px(U) = p(U°)°).

Example 16 [Plewe 97] If p : Z — Y is a mapping of locales then p is a
triquotient surjection iff there exists a t-assignment on p; that is a dcpo homo-
morphism py : QX — QY such that

(F1) pg(c A Qp(b)) = pu(c)AD
(F2) py(cV Qp(b)) p#(c) Vb,

~
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Recall that a topological space, Y, is a Tp space provided for everyy € Y there
exists an open U such that {y} = cl{y} NU, where cl{y} is the closure of {y}.
In other words a space is Tp if and only if every point is an open subspace of
its closure. Say p: Z — Y is a continuous map between topological spaces and
Y is Tp then, see [Plewe 97], the localic t-assignments on p, treating p as a
locale map, are exactly the maps Opens(Z) — Opens(Y') satisfying (T1)-(T4).
So p, treated as a locale map, is a triquotient surjection if and only if it is a
topological triquotient surjection (providedY is Tp).

Clearly with C = Loc every t-assignment is a weak triquotient assignment.
It is easy to check that a weak triquotient assignment is a t-assignment if and
only if pxQp = Id, equivalently p4(0) = 0 and px(1) = 1. Note that pxQp = Id
forces Qp to be a monomorphism, i.e. p is an epimorphism partly justifying the
term ‘surjection’. Below we prove that p is a regular epimorphism, thereby
completely justifying the term ‘surjection’.

Example 17 [JoyTie 84] A locale map p: Z — 'Y is open if

(O1) there exists 3, : QZ — QY left adjoint to Qp : QY — QZ and

(02) 3p,(c AN Qp(b)) =bA3p(c), for allc € QZ,b € QY. (Frobenius.)

If Z and 'Y are topological spaces, then any topological open map is a localic
open map; 3, is the direct image function. As with our discussion of topological
triquotient surjections, topological open maps coincide with localic open maps
provided Y is Tp. 3, is left adjoint and so preserves all joins, and so is a dcpo
homomorphism. Further

Fp(c v Qp(b)) Fp(c) V 3 p(b)

Ip(c) VD

IN

and so 3, is a weak triguotient assignment (with C = Loc). Note that a weak
triguotient assignment satisfies (01) and (02) if and only if it is left adjoint to
Qp.

If, further, p : Z — Y is an epimorphism then Qp is an inclusion and so
since Qp3,Qp = Qp (as 3, is left adjoint to Qp) we have that 3,0p = Id. So
a locale map, p, is an open surjection if and only if it is open and 3,Qp = Id.
Note that given (02) 3,Q0p = Id is equivalent to 3,(1) = 1.

Example 18 [Vermeulen 93] A locale map p: Z — 'Y is proper if

(P1) the right adjoint to Qp : QY — QZ, denoted ¥, : QZ — QY , is a depo
homomorphism and

(P2) Vp(cV Qb)) =bVVy(c), for all c € QZ,b € QY. (coFrobenius.)

If Z and Y are topological spaces, then any topological proper map is a localic
proper map; Vp,(U) = (p(U))¢. V¥, is right adjoint and so preserves meets.
Therefore

Vp(e A p(b))

Vp(€) A VpS2p(b)
> VYp(e)AD



and so ¥V, is a weak triquotient assignment (with C = Loc). Note that a weak
triquotient assignment satisfies (P1) and (P2) if and only if it is right adjoint
to Qp.

A locale map, p, is a proper surjection if and only if it is proper and ¥V,Qp =
Id. Note that given (P2) ¥,Qp = Id is equivalent to Vp(0) = 0.

Given these examples, the following definitions using the axiomatic notion
of weak triquotient assignment are well motivated and coincide with the usual
definitions when C = Loc.

Definition 19 A map p: Z — Y is said to be
a) a triquotient surjection if there exists a weak triquotient assignment p
#
such that puSP = Id,
b) open if there exists a weak triquotient assignment py left adjoint to SP,
#
¢) proper if there exists a weak triquotient assignment px right adjoint to
#
SP,
d) an open surjection if it is open and pxSP = Id (equivalently, p4(1) =1
# #
and
e) a proper surjection if it is proper and pxSP = Id (equivalently, px(0) =
# #

0).

Work contained in [Townsend 03] shows that weak triquotient assignments
on a locale map p: Z — Y correspond exactly to dcpo maps Qspy Z, — Qsny -
This representation theorem provided a method for showing pullback stability
of weak triquotient assignments. Lemma 11 proves this representation result
axiomatically for Y = 1. In fact, by exploiting Axiom 5, we can prove this
representation theorem for weak triquotient assignments axiomatically for every
Y.

Theorem 20 Given an object Z, in C/Y (i.e. amapp:Z —Y in C) there

is a 1-1 correspondence between natural transformations SXZ/’ — Sy and weak
triquotient assignments on p.

This theorem is the central technical observation of this paper. From it the
pullback stability of weak triquotient assignments will be trivial, and all the
other pullback stability results will follow. The proof exploits various aspects of
the axiomatization simultaneously, e.g. the slice stability, the equalizer—coequalizer
axiom (Axiom 5) and the classifying properties of the Sierpiriski object (Axiom

Proof. An overview of the proof is simple. For any p : Z — Y in C/Y
there is an equalizer diagram

y

—
A‘n’g

in C/Y where Zy denotes 1 : YxZ — Y. So by Axiom 5, in C/Y’, maps S)Z,p —
Sy are exactly maps S2¥ — Sy which coequalize the diagram (x) when the
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contravariant functor Sg;) :C/Y — C7/ isapplied (and suitably join/meet
closed, as required by Axiom 5). But Zy is the pullback of 12 . Z — 1 along
.Y — 1 and so by the adjunction (!¥)# 1Y it is clear that such maps are
exactly maps §% —!Y'Sy = §Y whose adjoint transposes compose equally with
a pair of morphism in C}’ (determined by the Axiom 5). The detail of the
proof is therefore to show that for a map py : S —!¥'Sy 2 SY, py is a weak
triquotient assignment for p if and only if its adjoint transpose under (1¥)# ¥
composes equally with the meet/join closure of the image of the fork (x) under
s,

It must therefore be shown that if p%E : S}Z," — Sy is the adjoint transpose
of p4, then py is a weak triquotient assignment iff p;# coequalizes

1x1x S;;)/Xl (1 x LI
SZ¥ x S§Z* x Sy ::A SZr x 8% x 8% (42 SZv (%)
1 x 1 x (S§?S¢)

Now, p4 is a weak triquotient assignment iff the diagram

1x1 P
§Z wsZ wg¥ XIS gz gz g2
(1,73, M(71, 2)) n(1 x )
Y Y
S?% x SY x §% sZ
p#XlXp# D4
Y

U x 1)

SY xSY x §Y » SY

commutes. It has been observed already that the pullback of Mg (along ! : Y —
1) is Mgzy (e Mgzy = (1Y)#Mgz, Lemma 8) and clearly the pullback of SP is
Y Y

S@Xl. Therefore the adjoint transpose of the top and right hand part of this
diagram is equal to the top row of (+*) postcomposed with p,. The proof will
be completed provided it can be shown that the adjoint transpose of the left and
bottom part of this diagram is equal to the bottom row of (%) postcomposed
with pl,. Since Lgy =1Y(Us,) (see Lemma 8) the proof amounts to showing
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that the diagram

1x1x (S72$9)

z z Y; z z z
SP¥ x 87 x Sy¥ - ST X §§Y x 8§Y
(1,73, 171, m2)) M1 x L)
Y Y
z Y; z z
ST¥ xSy x §%¥ Sy
Py ¥ S& x Py P
' L x 1) !

Sy x Sy x Sy ~ Sy

commutes. Noting that S{? = S!}fy , this follows by an application of Lemma 11
in the slice category C/Y. =

Remark 21 (Explicit description of representation bijection.) It is worth mak-
ing the bijection of this theorem explicit. In one direction it takes any map
0 S}Z,” — Sy, precomposes with ng”l) : S}Z,Y — S3Z,” and then takes the adjoint
transpose (via (\Y)# Y ). But Sg’l) D SZ Sf,p is the counit of the ad-
gunction ("Y)# 1Y and so what this representation theorem is showing is that
every triquotient assignment py (onp: Z —'Y ) is given by pg =Y (B) for some
unique (3 : Sf,p — Sy.

We now focus on some simple applications. The change of base result pre-
serves composition and so we can recover an alternative description of proper
maps familiar from locale theory: that is a locale map p : Z — Y is proper if
and only if Z, is compact as an object in Locgy(y) (e.g. [Johnstone 81]).

Definition 22 An object Z in C is compact if |2 : Z — 1 is proper.

For C = Loc this is the usual definition since % : Z — 1 is proper if and
only if the right adjoint Viz : QZ — Q (to Q!?) is a dcpo homomorphism.
The coFrobenius condition (P2) is always true for the right adjoint since the
codomain is 1. It is easy to verify that the usual definition of locale compactness
(i.e. that if directed T CT QX has VIT = 1gx then 1gx € T) is equivalent to
the requirement that the right adjoint to Q!4 is a dcpo homomorphism.

Corollary 23 An object Z, in C/Y is compact if and only if p: Z — Y is
proper.

Proof. If Z, is compact then there exists 3 : SXZ/’ — Sy such that S!;p 8.
But !Y is order preserving and takes SI;” to SP. Therefore p is proper.
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On the other hand if p : Z — Y is proper then SP 4 py where py =!Y ()
for some unique 3 : S)Z/” — Sy . Therefore

Id C Y(B)S" ()
sPY(p) C Id. (b)

The adjoint transpose of S : S¥ —>!ZS)Z/" is ng’p) and so since adjoint transpose
preserves order we have that

5§ C sy
from (a) and so
1dc gsy”

by precomposing with S{?.
Now the adjoint transpose of (b) implies

YT ()#L (8) C P
and so

S!;p ﬂggyl) C Sg;Ll)

since ng’p) factors as S!;p S& and S£(1Y)#1Y(B3) factors as ﬂSg?’l), the latter
by naturality of the counit. Now ng 1) is, via Axiom 5, a coequalizer, but it
can also be verified to be an order enriched coequalizer since the homsets are
lattices and meets (or joins) commute with morphism composition. Therefore

1Zp

Sy B E Id.
This is sufficient to prove that !#» is proper (relative to C/Y) since any f3 :
Sip — Sy is a triquotient assignment for !1%» by Lemma 11 carried out relative
to C/Y. Therefore Z, is compact as an object of C/Y. m

Using exactly the same proof, but replacing the inequality C with equality,
we have a new description of triquotient surjections:

Corollary 24 p: Z — Y is a triquotient surjection if and only if there exists
12p

B:S% — Sy such that BSY" = Id.

Proof. If there exists such 3 then !Y(3) is a triquotient assignment on p
which splits SP and so p is a triquotient surjection. In the other direction if p is
a triquotient surjection then Id =!Y (3)SP for some 3 : S,Z,p — Sy. Then, as in
the last proof, Id = ﬂS’;p by taking adjoint transpose and precomposing with,
say, Sy?. =

Further in the last but one proof ‘right adjoint’ could be replaced with ‘left
adjoint’ throughout, and so there is an identical conclusion for open maps.
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Let us move to the ‘open side’ of this proper/open parallel in order to verify,
axiomatically, the well known sheaf theoretic fact

LH/Y ~ Sh(Y);

that is, the category of sheaves on a topological space Y is equivalent to the
category of local homeomorphisms over that space. For any topological space
Y, Sh(Y') can be embedded in Locgy,yy as the category of discrete locales. This
follows since the property of being discrete can be determined in terms of open
maps:

Definition 25 An object Z in C is discrete if /¥ : Z — 1 and A : Z — Z x Z
are both open.

[JoyTie 84] shows that a locale Z has 1% : Z — 1 and A : Z < Z x Z open
if and only if QZ = P(A) for some set A and in this way Set embeds into Loc
as the full subcategory of discrete locales. The argument is constructive and so
carried out relative to sheaves over Y, Sh(Y') can be embedded in Locgy,(y).

Definition 26 A map p: Z — Y in C is a local homeomorphism if both p and
the diagonal A : Z — Z Xy Z are open.

It is known (e.g. C1.3 [Johnstone 02]) that if Y is a topological space, then
every locale map p : Z — Y which is a local homeormorphism in the sense just
defined (C = Loc) arises from a unique topological local homeomorphism. We
omit the details in proving this well known fact, but provided Y is a topological
space then the category of local homeomorphisms over Y, denoted LH/Y, is the
same category, up to equivalence, viewed either as a full subcategory of Loc/Y
or as a full subcategory of Top/Y .

Corollary 27 For any Y in C, LH/Y 2 DisLocy where LH/Y is the full
subcategory of C/Y whose objects are local homeomorphisms and DisLocy is
the full subcategory of C/Y whose objects are discrete relative to Y.

Proof. Reversing the order in the proof of the previous corollary we have
that p : Z — Y is open if and only if !%» : Z, — 1 is open relative to Y. It
remains therefore only to check that the map A : Z < Z xy Z is open (relative
to 1) if and only if it is open relative to Y.

Now if Ay : S)Z,” — SXZ,XYZ is a triquotient assignment left adjoint to S :
Sip — ngyz, then 1Y (Ay) is a weak triquotient assignment left adjoint to
1Y (S$) since !¥ preserves order and the lattice structure. Therefore A is open
since 1Y (S£) = S and so DisLocy C LH/Y.

Finally, say A : Z — Z Xy Z 1is open, then, arguing relative to Z xy Z
we have that 144 : Zx — 1 is open, from which there exists a weak triquotient
assignment,

. QZa
ﬁ : SZXyZ - SZ><yZ
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left adjoint to S;XAYZ : Sgiyz — Szxyz. But then by change of base back to
Sy, via pmy say, we have that (pm)«(05) is a weak triquotient assignment left
adjoint to S§ since (pm)*(SgﬁyZ) =S2. =

The following table summarizes the various definitions of classes of maps in

terms of weak triquotient assignments p.

Class Conditions Equivalent Cogd. on
on w.t.a. py Conditions B: 8y — Sy
S B A I
Proper SP Apy Sy" 423
Open pyg 1 SP BHSy”
Proper Proper & Proper & ﬁS!Y” =Id &
Surj. puSP = 1d px(0) =0 S8 C Id
Open Open & Open & BSY" =1d &
Surj. p#SP = Id pu(1) =1 dc sy’ s

‘w.t.a’ stands for weak triquotient assignment. The last column gives an
equivalent characterization of the class of map in terms of a natural transfor-
mation, 3, relative to Y.

8 Pullback stability of Maps with Weak Triquo-
tient Assignments

With the description of weak triquotient assignments on p just given, a general
pullback stability result is straightforward.

Theorem 28 Ifp: Z — Y is a map with a weak triquotient assignment pu :
S% = 8SY and f: X — Y is any map in C then the pullback f*p: X xy Z — X
has a unique weak triquotient assignment denoted (f*p)s such that the Beck-
Chevalley condition holds, that is

SXXyZ (Spl SZ
(P | iy
sx S g

commutes.

This was originally shown by Vickers for the category of locales in [Vickers 01a).

Proof. Set (f*p)x =!Y (f#(83)), where 3 : Sf," — Sy is unique such that
py =Y (3). We have discussed already that (f*p), so defined, is a weak triquo-
tient assignment for f*p: X Xy Z — X since any weak triquotient assignment
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on f*p is uniquely of this form. The square

S}Z/p B f*f#Sgp
Bl L F#(8)

Sy = ff*Sy

commutes by naturality of the unit. It has been observed above (Lemma 8) that
!f(ﬁgzp) =8P/ :S% — $¥*¥Z and so the Beck-Chevalley condition follows by
Y

applying !¥ to this square.

For uniqueness let ¢ : X Xy Z — X x Z be the inclusion. This map is a
regular monomorphism and so S* =Y (S%) : $¥*% — S/"%» is an epimorphism
in C}? by Axiom 5. Note that

SPS =8iS™  (a)

where my : X x Z — Z and recall that 8™ =7z, i.e. the unit of the adjunction
(1X)# 41X evaluated at SZ. Any triquotient assignment on f*p: X xy Z — X

is uniquely of the form !X (v) for some 7 : S§Z

show that if

? — Sx and so it remains to

X (@E)s7 =8Tpy ()

for j = 1,2 then !X (8;) =1X(d2). But the adjoint transpose of 12X (6,)SP"/ is §,S%
since $™ is the unit and S* =!X(S% ). Therefore (x) implies that §;S% = 5,8,
hence !X (6;)S? =!X(82)S* and so uniqueness follows since S’ is an epimorphism.
[

As a corollary we obtain all of the more familiar results:

Corollary 29 The classes of triquotient surjections, proper maps, opens maps,
proper surjections and open surjections are all pullback stable.

Proof. Change of base respects order and so this is immediate from our
characterization of these maps given above. For example, if p is a triquotient
surjection then there exists there exists 3 : S)Z,p — Sy such that ﬁS!;p = Id,
from which (f*ﬁ)SI}f*Zp = f.Id = Id for any change of base map f : X — Y
which is sufficient to prove that f*p a triquotient surjection. Alternatively, for
the surjections, the characterization in terms of px(0) = 0 and/or px(1) =1
is pullback stable given the Beck-Chevalley condition proved on the pullback
square.

We are now in a position to be able to verify that the definition of triquotient
surjection is sufficient for p to be a regular epimorphism (and so justify the term
‘surjection’).

Lemma 30 Any triquotient surjection is the coequalizer of its kernel pair.
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Proof. Say p: Y — Z is a triquotient surjection and p1,p2 : Y XzY — Y is
the pullback of p against itself. Let d : Y — @ be the coequalizer of p1, ps then d
is a regular epimorphism and there exists a unique f : Q — Z such that fd = p.
We prove that f~! exists by checking that S/ is an isomorphism and appealing
to Axiom 4. We claim that pxS? is the inverse. Certainly p#Sde =puSP =1
since py is the split of SP. But

S9S7 pySe

SPp,S?
(p,)#SP28¢
(p,) S8 =8¢

by, respectively, (i) the fact that p = fd, (ii) the Beck-Chevalley condition
for the pullback, (iii) the fact that dp; = dps and (iv) the fact that p; is a
triquotient surjection. But S must be a monomorphism by Axiom 4 and so S¥
is an isomorphism thereby completing the proof. m

This last proof is just a reinterpretation of Ch.V, Section 4, Prop. 2 in
[JoyTie 84], which shows that open surjections between locales are regular epi-
morphisms. It of course recovers the fact that both proper and open surjections
are coequalizers. For proper and open surjections this goes the other way:

Lemma 31 Ifp:Y — Z is a regular epimorphism and proper/open then it is
proper/open surjection.

Proof. Since py is right (or left) adjoint to SP we have that SPpuSP =
SP from which pxSP = Id since (Axiom 4) SP is a monomorphism. Le. p a
proper/open surjection . ®

Thus a proper/open map is a surjection if and only if it is a regular epi-
morphism. It is not the case, axiomatically, that every regular epimorphism is
a triquotient surjection since below an example is given of an effective descent
morphism that is not a triquotient surjection. There are also non-pullback sta-
ble regular epimorphisms in Loc which therefore also witness this fact, see the
Introduction in [Plewe 97].

For use in the next section, here is are some stability results.

Lemma 32 (a) Given a cosplit equalizer diagram

sy -
C 7 @B SP? gA
sg 88 % s
b -
(a1)%
5,
in C% then A _ B — C is a pullback stable coequalizer in C/Z.
az
(b) Given a commuting diagram in C

x % v
N\, L f
A
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with h a triquotient surjection then f is a triquotient surjection.

Proof. (a) The cosplit equalizer diagram is stable under pullback (i.e. under
p# for any p: X — Z) and so it is sufficient to verify that such a diagram forces

b

A B—C

ay
—
—
az

to be a coequalizer in C/Z. Certainly S3SY = S3?SY forces ba; = bay since
S(i) is faithful. The remainder is shown exactly as in the proof of the previous
lemma: take d : B = @ to be the coequalizer of a; and as, then b = fd for
some unique f : Q@ — C and it can be shown that byS% is an inverse for Sé and
so f1 exists.

(b) Take fu = hyS9. =

9 Effective Descent of Triquotient Surjections

Recall, for example (3.1) in [JanSob 02], that a morphism p : X — Z in
a cartesian category C is an effective descent morphism if the functor p* :
C/Z — C/X is monadic. That is, equivalently by definition, if and only
if the comparison functor C/Z — (C/X)T is part of an equivalence of cate-
gories, where T is the monad induced by the adjunction ¥, 4 p*. The problem
of establishing which continuous maps are of effective descent in the category
of topological spaces has been studied by a number of authors, for example
[Michael 77] and [ReitThol 94]. A proof that open locale surjections are effective
descent morphism was key to Joyal and Tierney’s proof that every Grothendieck
topos is equivalent to the category of continuous actions of a localic groupoid,
[JoyTie 84]. There is therefore a natural interest in effective descent morphisms
and it is Plewe’s account of descent via triquotient assignments that is the most
general available for locales [Plewe 97]. Moerdijk in [Moerdijk 89] develops an
axiomatic account of descent, but as pointed out by Plewe in comments after
Proposition 4.3 in [Plewe 97|, these axioms are not satisfied by the class of lo-
calic triquotient surjections. The axiomatic account of effective descent offered
here is therefore distinct from Moerdijk’s (it is not more general since Moerdijk’s
account requires less of the ambient category C).

We now embark on a proof of effective descent for triquotient surjections.
The techniques of the proof are not new, they are taken from Section 4 of
[Plewe 97]. The proof has been simplified slightly by arguing relative to the
codomain of the triquotient surjection.

Via Beck’s monadicity theorem (e.g. [MacLane 71]), given a category C with
coequalizers, we have that a functor U : C — D is monadic iff U has a left adjoint,
reflects isomorphisms and preserves coequalizers of U-split pairs of arrows (i.e.
pairs a,b : X — Y such that U(a),U(b) : UX — UY has a split coequalizer).
f* reflects isomorphisms if f is a pullback stable regular epimorphism. This has
just been established for triquotient surjections p : X — Z in the last section.
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Therefore to prove that triquotient surjections are effective descent morphisms
it remains to show that given a coequalizer

b

A B—»C

ay
—
—
az

in C/Z with the property that the coequalizer

az()l q
Axz X . Bxz; X —»Q

as X1

is split in C/X, we must have that

a; X1

— bx1
AXZX N BXZX—»OXZX

as X1

is a coequalizer in C/X. Let h : Q@ — C xz X by the unique map such that
hgq=>bx1.

Now if this second coequalizer is split with, say ¢ : @ — B Xz X and
Jj:BxzX — Axz X satisfying qi = 1¢, (a1 x1)j = 1px,x and (az x 1)j = iq
then we have that both ¢ and a; x 1 are triquotient surjections with gz = S%,
and (a1 X 1)y = sz. The argument to follow is going to be relative to Z.

By assumption p : X — Z is a triquotient surjection and so by changing
base to Z we have that X7 : X, — 1 is a triquotient surjection. Pulling back

b
along C — Z and then along B — C, we have that 7 : C' xz X — C and
78 . B xz X — B are triquotient surjection in C/Z with assignments, say

(9% 857X - 8§ and
B AxzX B
(m1)y + Sz"7" — 87
By further pulling back we find that 7{* : Ax 7 X — A is a triquotient surjection
and there exists (m)4 : S5°#% — §2 such that S4 (1) = (7{')£S$" where
¢ =ba; = bas.

However (7{')4 could have been obtained a different way; for i = 1,2 let
(77{‘); be a weak triquotient assignment on 7' : A xz X — A such that

S (7P)y = (7{)4S%*". Now, for i = 1,2
RS = () sy sy
4 B bx1

= 87 ()48,

= SySy(n)4

= S3(n1)s
and so (m{!) 4 = (7714);& for i = 1,2 by uniqueness of weak triquotient assignments
satisfying Beck-Chevalley. Hence it does not matter how the weak triquotient
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assignment on 7' is obtained. Hence

SH(rf)4Sy = (n)xSH*'Sy
()55 '5%
= SP(r)#S%.

But S% is the equalizer S%',S% by Axiom 4 and so there exists unique (7Fh) :
SCZQ — S¢ such that (78)4S% =S4 (7{'h)4. Written out as a diagram this step
is:

st S7
S —Z 8 — =83
i §%2
Z
3 ()4 ()4
: ay X1
Q S% BxzX —Z | qAxzX
Sz — 83 — =5z
Sazle

It is routine to verify that (7{'h)4 is a weak triquotient assignment on 7{'h
satisfying (7h)x(1) = 1 and (7¥h)»(0) = 0. 7{h is therefore a triquotient
surjection so by stability of triquotient surjections under composition we have
that 7{'hq = brP is a triquotient surjection. By the last lemma of the previous
section we have that b is a triquotient surjection. Notice, from the proof of that

B

lemma, by = (7{'h)quSy .
Recall that from construction of gx and (a1 x 1)z, we have that (a; X
1)#8‘;Xl = S%qy4. Therefore for any a1, as with a1 x 1, a2 x 1 p*-split we have

(taking (a1)p = (78)4(ar x 1)xS™ )
(a1)4S% = SYby.

which is sufficient, by (b) of the last lemma of the previous section to prove that
the coequalizer

a
a1
N
az

is pullback stable as required.
Therefore:

Theorem 33 Triquotient surjections are effective descent morphisms in C.

10 Effective Descent Morphism that is not a
Triquotient Surjection
It is known for finite topological spaces that not every effective descent morphism

is a triquotient surjection. See the comments after Proposition 7.1. [JanSob 02].
We now use their proof to show that:
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Proposition 34 The azioms do not imply that every effective descent mor-
phism is a triquotient surjection.

Proof. The category, FinPos, of finite posets is a model for the axioms
and we now construct an effective descent morphism in FinPos which is not a
triquotient surjection.

Effective descent morphisms between preorders are characterized in [JanSob 02];
they are exactly maps p : X — Z such that for every z; < 29 < 23 in Z there
exists ¢1 < x9 < xg in X with the property p(x;) = z; for i = 1,2,3. But the
proof contained in that paper clearly also applies to the category of finite posets,
and so a monotone map p : X — Z between finite posets is an effective descent
morphism in FinPos provided every three chain is reflected. For example take
X to be the reflexive, transitive closure of

T11 T12 13

T21 T22 T24

T31 Z33 T34

Y Y Y
T42 T43 T44

take Z = {21 < 29 < 23 < 24} and define p : X — Z by p(z;;) = z;. Then p is

an effective descent morphism in FinPos.

Now if p were an axiomatic triquotient surjection then there would exist a
natural transformation py : S — S% which is a weak triquotient assignment
satisfying px(0) = 0 and px(1) = 1. But since FinPos is cartesian closed and
S = {0<1}, this means that there is a monotone map py : Open(X) — Open(Z)
where the opens are the Alexandrov opens (the upper closed subsets). This is
sufficient to prove that p is a topological triquotient map in the sense of Michael,
Example 15, since given any map p : X — Z between topological spaces we
have that py : Open(X) — Open(Z) is a topological triquotient assignment if it
satisfies the axiomatic conditions for being a weak triquotient assignment (with
px(0) =0 and px(1) = 1) and Z is Tp. It is routine to verify that Z is Tp.

Now Michael’s condition (T4) applied to finite posets amounts to

e if U and V are open subsets of X and z € Z, then

2€pp(U), p ' (2)NUCV = zepy(V). (%)
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Take V =1 p~!(z1), U = X and z = 21 in this to obtain 21 € px (T p~1(21)).
But pg (1 p~1(21)) is open and so upper closed. Therefore 2 € py (1 p~(21)).

Now take V =T (p~1(22)N T p~1(z1)), U =1 p~(21) and z = 25 in (x) to
obtain zs € px(V), and so

zzep[l (P (z2)N Tp '(21))]

since px (V') is open an so upper closed and px(-) C p(-) by (T1). From which
there exists 2’ € T (p~ (z2)N T p~1(21)), 2" > 2" € p~(22)N T p~1(21) and
2 > a with p(2”") = z3, p(¢”) = 22 and p(z’) = z;. But this process can
be repeated inductively and so we can obtain Prop. 7.1 of [JanSob 02] which
states that if p : X — Z is a triquotient surjection between finite topological
spaces then for every n, and every z; < z9 < ... < z, in Z there exists z7 <
xe < ... < x, in X such that p(z;) = z; for all i. This is not satisfied at n = 4
by the construction of our p : X — Z and so p is not an axiomatic triquotient
surjection. m

11 Triquotient Inclusions

In this section we look at triquotient inclusions, and show that the closed and
open subobjects are examples. Following Plewe we give a complete characteri-
zation of triquotient inclusions: they are all the regular monomorphisms formed
by the intersection of a closed subobject with an open subobject.

Definition 35 A map p : Z — X is a triquotient inclusion if there exists a
triquotient assignment px on p such that SPpy = Id.

Just as with triquotient surjections we can adopt the proof of Lemma 7
(replacing inequalities with equalities) and show that p : Z — Y is a triquotient
inclusion if and only if there exists 3 : S}Z,” — Sy such that SI;’? 0 = Id and from
this it is immediate that this class of morphism is pullback stable.

Example 36 (Open/closed subobjects.) For any a : X — S, a*(i) — X s
a triquotient inclusion, i = 0,1 : 1 — S. We will prove this for i = 1, i.e.
open subobjects only. Let "7 : S — S be the exponential transpose of M :
S xS — S taken in [C°P,Set]. Certainly S'™M" = Id, but any 3 :S — S is a
weak triquotient assignment on the identity and so B(1)Mj C B(4) for any j in
S, i.e. TS C Id. Finally

"M7(5) N B Cy MG N B(1))

since kMjNBk) CkNjnpg(l) for any k. Thus1:1 — S is an open map
and S'"M7 = Id, and hence is a triquotient inclusion. But this is pullback stable
and so every a*(1) — S is a triguotient inclusion. We will see below that every
open map with SPpy = Id is of this form. Identically, using an order dual proof,
b*(0) — S is a triquotient inclusion for any b: X — S
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Example 37 Any subobject of the form a*(1) Agup(x) b*(0) — X is a triquo-
tient inclusion by pullback stability. This is the most general class available
using closure of closed and open subobjects under pullback, since closed and
open subobjects are, individually, closed under finite intersection.

We now show that every triquotient inclusion is a regular monomorphism of
the form a*(1) Agup(x) b*(0).

Lemma 38 Ifp: Z — X is a triquotient inclusion then there exists a,b: X —
S such that p: Z — X = a*(1) Agup(x) b*(0) — X.

Proof. Set a = px(1) and b = px(0). Certainly p: Z — X then factors via
i:a*(1) Agup(x) b*(0) — X since SPpy = Id (evaluated at 1 and 0) implies

1Z

Z o1
pl 11
X % z

commutes and similarly with b and 0 in the place of a and 1. Hence p factors
through, say, k : Z — a*(1) Agup(x) b*(0). Now SPpy = Id implies

S*(S'py) = Id
and so it remains to verify that
(S'py)SF = 1d.

But S is an epimorphism by Axiom 5 and so it is sufficient to prove S* = S'p4SP.
But since px is a weak triquotient assignment we have that

p#SP = (py (1) M (1)) Upx(0)

and so S* = S'p4SP since S'py (1) = 1, S'px(0) = 0 by construction of i and the
fact that S* preserves finite meets and joins. m

Exactly as in our discussion of proper and open regular epimorphisms we
have that every proper regular monomorphism is of the form 4*(0) — X and
every open regular monomorphism is of the form a*(1) < X. To see this apply
the lemma and note that if p : Z — Y is proper and a regular monomorphism
then from SPV,S? = SP we have that SPV, = Id since, Axiom 5, S? is an
epimorphism.

Also mimicking our discussion of regular epimorphisms it is not true in
general that every regular monomorphism in C is a triquotient inclusion. In
Loc it is not the case that every sublocale is the meet of an open and closed
sublocale, and so this is clear.

The following table summarizes the definitions of classes of subobjects in
terms of weak triquotient assignments p.
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cl Conditions Equivalent Cond. on
ass on w.t.a. py Charact. 8 S}Z,P — Sy
TI‘iq. o « « 1Zp o
incl. SPpy = 1d a*(1) A b*(0) Sy'B=1d
Closed SPpy = Id . Sy'B=1Id&
— b (0) 1Zp
sub. pp(l)=1 Id C S}
Open SPpy = Id . Sy'B=1d &
B a*(1) zp
sub. px(0) =0 8Sy" C Id

12 Image Factorization and Compact Hausdorff
objects

In this section we give an axiomatic account of the regularity of the category of
compact Hausdorff objects. Classically this result is a well known consequence
of Manes’ theorem on the mondaicty of compact Hausdorff spaces over Set, see
for example III 2.4 of [Johnstone 82].

Lemma 39 FEvery proper map f : X — Y can be factored as f : X S

-
a*(0) Y where q is a proper surjection and a*(0) — Y is a closed sub-

space.

Proof. Take a = V;(0) and so f factors via ¢ : a*(0) — Y as in the
characterization of triquotient inclusions above (applicable since S/ V¢ E Id and
s0 S/V;(0) = 0). To complete the proof it needs to be verified that ¢ is a proper

surjection. Define V, to be the composite §* hE4 sY 5 S* () Proving that ¢ is
proper (via V) is then routine provided we know that S’ x Idgx = S is an
epimorphism. By Axiom 5 it is sufficient to show that i+1:a*(0)+X - Y+ X
is a regular monic. But pullback along Og : 1 — § preserves coproduct by Axiom

2 and so i + 1 is the pullback of Og : 1 — S along YV + X laG S proving that
1+ 1 is a regular monic.

That SV, C Id is immediate since vaf Cld m

It is not possible to use a weak triquotient assignment to obtain a similar
factorization, as this would imply that every f : X — Y factors through the
initial object 0 due to the existence of trivial weak triquotient assignments.

Corollary 40 Any proper monomorphism f: X — Y is a closed subobject.

Proof. The kernel pair of f is the same as the kernel pair of ¢ where ¢ is the
factorization of f given in the lemma. But if f is a monomorphism its kernel
pair is a pair of identity morphisms. ¢ coequalizers its kernel pair and so must
be an isomorphism. =

An object in C is strongly Hausdorff if its diagonal is proper. So X is
strongly Hausdorff exactly when A : X — X x X is open in C; in other words,
strong Hausdorffness is order dual to having an open diagonal. Vermeulen shows
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in [Vermeulen 91] that a locale is compact and strongly Hausdorff if and only if
it is compact regular. Compact regularity is therefore order dual to discrete.
We can show, axiomatically, that,

Theorem 41 (a) the full subcategory of compact and strongly Hausdorff objects
s reqular.
(b) the full subcategory of discrete objects is regular.

Proof. (a) It is an easy categorical exercise, using the pullback stability

of proper maps, to prove that compact strongly Hausdorff objects are closed

under finite limits. Note that any f : X — Y factorsas f = X WD xxy @™y

and so is proper if X is compact and Y is strongly Hausdorff. The lemma and
corollary prove pullback stable image factorization.

(b) Order dual proof. m

The category of discrete locales is equivalent to the category of discrete
topological spaces; that is, the category of sets. Classically (for example, as-
suming the prime ideal theorem) the category of compact Hausdorff spaces is
equivalent to the category of compact regular locales. Therefore, up to the cat-
egorical structure definable via regularity (e.g. image factorization, relational
composition), the category of compact Hausdorff spaces is the same theory as
the category of sets. That this categorical structure is the same was key to
[Townsend 96] where compact Hausdorff relational composition is then devel-
oped in parallel to set theoretic relational composition to prove information
system representation type results.

Taylor, in [Taylor 00], was the first to make this connection between com-
pact Hausdorff and discrete precise using categorical logic; indeed he goes further
showing the same result up to pretopos structure. We hope to make the rela-
tionship between Taylor’s Abstract Stone Duality approach and the approach
offered here the subject of further work.

13 The Double Power Monad

In this section we strengthen Axiom 4 and show how this leads to a categorical
proof of Vickers’ result that the category localic locales internal to the category
of localic locales is equivalent to the category of locales, [Vickers 01b]. Let us
concentrate only on Z = 1; for the same results relative to a general Z, argue
relative to the topos Sh(Z). The definition and motivation for the study of
localic locales is given below in terms of the double power locale construction.
Our first aim is therefore to show how a strengthening of Axiom 4 leads naturally
to an axiomatic account of the double power locale (studied, for example, in
[Vickers 02 ]).

Axiom 42 The contravariant functor S : C — C? has a right adjoint.

Note that we are not claiming that this strengthening of Axiom 4 (a) is
strict. Let G : C]¥ — C denote the right adjoint then it can be verified that,
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Lemma 43 Given this extra axiom, for any object X of C, the representable
functor C(_, GSX) is the exponential C(_,S)5" in [CP,Set]. Conversely if such
a double exponential exists for every object X, and is representable, then SG) :
C — C?? has a right adjoint.

We now verify the new axiom for C = Loc. Recall the double power locale
construction, denoted P, as introduced in [JoVic 91]. It is usually defined using
a frame presentation:

OPX =Fr(Ra,a € QX |VI{Ri|ic I} =RV'I, VIC!QX).

Equivalently, QP is the left adjoint to the forgeful functor from the category of
frames to the category of dcpos. For any locale W we have that

1%

Loc(W, PX) Fr(QPX, QW)
dcpo(QX, QW)
Nat[S¥,s%]

Nat[Loc(_, W) x $¥,§]

1R

1%

which is sufficient to show that §" exists and is naturally isomorphic to Loc(-, PX).
The axiom is therefore verified for C = Loc. That the double exponential
Loc(_,S)5" exists as a representable functor is the main result of [TowVic 02].

Thus given the above axiom there exists an endofunctor P : C — C, which
is then clearly the functor part of a monad as P can be described using a double
exponential. We shall call this the double power functor and the induced monad,
(P,n, 1), the double power monad.

Vickers, in [Vickers 01b], introduced the category of localic locales as the
opposite of the category of algebras of the double power locale. The paper
shows that any algebra of the double power locale monad is an order internal
distributive lattice in the category of locales. In other words they are localic
distributive lattices and so, topologically, their investigation forms part of our
understanding of topological lattice theory. Since these distributive lattices are
order internal it follows that their study, conceptually at least, can be viewed as
the study of internal frames (as the category of locales is dcpo enriched). The
category of localic locales, the opposite of the category of frames, is therefore
modelling, intuitively at least, a category of locales internal to the category of
locales.

Since the double power locale functor also acts as a monad on the category
of localic locales, we can introduce a category of localic locales relative to the
catgory of localic locales and so on. Vickers established that localic locales
relative to localic locales are equivalent to the category of locales, and so this
process stops after two steps. The aim for the rest of this section is to reprove
this result axiomatically. First let us note that axiomatically,

Lemma 44 For any (X,PX % X) an algebra of the double power functor, X
s an order internal distributive lattice in C.
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Proof. PX is an order internal distributive lattice as it inherits this from
S. The property of being an order internal distributive lattice is closed under
retracts and X is a retract of PX by definition of being a P-algebra. m

Definition 45 (i) C — C, the category of C objects relative to C, is defined as
(CP)°P, the opposite of the algebras of the double power monad.
(i) The functor C—P : C — C — C — C is defined as the opposite of the

P
composite CP Y el whereU is the forgetful functor.

Any monad defines a comonad on its category of algebras, and so C—P
defines a monad on C — C. Before we state and prove the main result result
note that P : C — C preserves coreflexive equalizers; this is because of Axiom 5
which shows that S takes coreflexive equalizers to coequalizers (i.e. equalizers
in C;) and the fact that P =GS) where G is a right adjoint. Further,

Lemma 46 P: C — C is conservative (i.e. faithful and reflects isomorphisms).

Proof. Reflects isomorphisms. If SX SPX is defined as the double
exponential transpose of the identity PX — S5 then the identity on S¥ factors
as

.
¥ By gPX I X,

If f: X — Y is such that P(f) is an isomorphism then SF(/) : SP¥ — §FX ig
an isomorphism in [C°P, Set]. But then by naturality of X and 7 we have that
Sf:SY — S§¥X is an isomorphism in [C°P, Set]. Therefore f is an isomorphism
by Axiom 4.
f
Faithfulness. Given X : Y with P(f) = P(g) we certainly have that S*/ =

g
SP9. Then use the naturality of X and the fact that X is a split monic to prove

that S = §9. It has been commented after the introduction of Axiom 5 that
SO is faithful and so we are done. m

Theorem 47 C ~ [(C — C)° F)or.

Proof. C—C = (CF)?, equivalently (C — C)”” = CF. So we have an
adjunction P : C — (C — C)?” with P left adjoint to U.

Now taking the opposite, PP : C? — C — C is right adjoint to U°?, and
C—P = P° o U°P is the monad on C — C that defines the categogf of co co-
objects. To show that C ~ [(C — C)C_]P]"p, we need that (C — C) F~ cer.
In other words we are simply checking that P°P : C°? — C — C is monadic.

Let us use the reflexive coequalizer form of Beck’s theorem, e.g. [Johnstone 02]
A1.1.2, though note that the U there is our P°P:

(i) P°P has a left adjoint,

(ii) P°P is conservative (i.e. faithful and reflect isomorphisms) and

(iii) C°P has and PP : C°? — C — C preserves coequalizers of reflexive pairs.
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For (i), we have commented that the left adjoint is U°P. (ii) has been verified

above, and since C¥ Y C creates equalizers (iii) has therefore been verified by
our comment that P : C — C preserves coreflexive equalizers. m

14 Summary and Further Work

The emphasis has been on the abstract modelling of Scott continuous maps as
natural transformations. This seems to go quite far, with a number of the deeper
results in locale theory becoming available axiomatically: pullback stability of
proper and open maps, image factorization of maps between compact (strongly)
Hausdorff locales and the fact that triquotient maps are of effective descent. The
parallel between proper and open is also observed as a formal duality.

However there are large parts of locale theory that do not appear to be
readily expressible using only the interaction between Scott continuous maps
and locale maps. For example, the construction of spectral locales and the
Stone-Cech compactification functor.

Work is needed to relate the results back in detail to other known approaches
using categorical logic, primarily [Taylor 00]. A further omission has been a dis-
cussion of Vickers’ axiomatic approach, [Vickers 95]. Given the introduction of
a model for the double power locale by the strenghening of Axiom 4 it is clear
how to define the upper and lower power locales: they are certain sublocales of
the double power locale. But it is not clear that the induced upper and lower
monads are KZ/coKZ. This extra property of the monads is part of Vicker’s ax-
iomatization, and also appears to be key to the further analysis of, for example,
information system theory ([Townsend 96] and [Vickers 93]).

Thus although we have finished with a good account of proper and open
maps in locale theory, there is still much to do in terms of creating an entirely
categorical account of locale theory. Principally there has been no attempt to
give any localic constructions, but more subtly we have possibly come across a
barrier blocking the parallel between proper and open. Whilst the formalization
of this parallel as a duality has great appeal, we may be sacrificing some sort of
topological essence should this be taken too far. After all the theory of sets is
not the same thing as the theory of compact Hausdorff spaces. What is the part
of topology that is not symmetric between proper and open? Can it somehow be
extracted? There is therefore further work both in terms of detailed results on,
for example, axiomatic information systems, and also in terms of more structural
insights into the nature of topology.
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16 Appendix

This appendix gives a categorical proof of the double coverage result used to
describe coequalizers in DLat(C) in terms of coequalizer in C. The word cov-
erage originally comes from the sheaf-theoretic idea of a coverage used to define
toposes from categories of presheaves. The word was used by Johnstone (at
the suggestion of S. MacLane) in his description of frame coequalizer in terms
of C-ideals. The suplattice and preframe versions of the coverage theorem (in
[Johnstone 82] and [JoVic 91] respectively) show how each frame coequalizer
can be calculated as a particular suplattice (respectively preframe) coequalizer.
A generalized result over any symmetric monoidal category, C, was given in
[Townsend 96]. This result can be applied to C = suplattice, preframe to give
the suplattice and preframe versions (and C = rings to prove the ring theoretic
assertion that a ring surjection can be found by Abelian group quotient). In
[TowVic 02] a double coverage result is introduced which shows how the suplat-
tice and preframe versions of the coverage theorem can be applied together in
order to show how any frame coequalizer (and therefore any frame presenta-
tion by generators and relations) can be calculated as a dcpo coequalizer. We
now prove a generalized double coverage theorem in the case where C is order
enriched cartesian closed.

Theorem 48 (double coverage) Let C be an order enriched cartesian closed
category with order enriched coequalizers. If f,g : L = N is a diagram in
DLat(C) then

~—

is a coequalizer diagram in DLat(C) where q is defined as the coequalizer of

1x1

gf 1xV A
N x N x L NXNxN S NxNS>SN

1x1xg

in C.

Proof. C is cartesian closed and so for any object, P, the functor (_) x P :

C — C preserves coequalizers since it is a left adjoint. Therefore N x N haty

Q x N coequalizes
Tf><1
—
(NxNxXxL)xN N x N
—

rgXx1
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where ry = A(1xV)(Ix1x f)and ryg = A(1xV)(I1x1xg). But gA(ryx1) =
g A (rg x 1) and so there exists unique a : Q@ x N — @ such that a(g x 1) = gA.
But1xq:Q x N — Q x @ coequalizes

Ixry
ald
QX (NxLxN)  Q@xN
1xry
Also
a(lxrg)gx1) = a(gx1)(1xry)
= gAN({Axry)=gA(1xry)
= algx1)(Ixry) =a(l xry)(gx1)
and so a(l x r¢) = a(l x ry) since ¢ x 1 is a coequalizer. It follows that

there exists unique Ag : @ X Q — @ such that Ag(l x ¢) = a. It must be
verified that A¢g is right adjoint to Ag : @ — @ x Q. Note first that for
any order enriched coequalizer h : P| — P, and any object R, the bijection
(0)oh: C(Ps, R) — C(Py, R) is necessarily an order isomorphism. So to prove
AgNg C 1gxg it is sufficient to show that Ag Ag (¢ x 1) C ¢ x 1 and therefore
also sufficient to show that Ag Ag (¢ x 1)(1 x ¢) C (¢ x 1)(1 x ¢q). But,

AgNg(gx1)(1xq) = AqgqAnN
= (¢xq@AN AN
(g x g)1.

1M1

Similarly, to establish 1gxg © AgAg, note that ¢ & AgAgq since AgAgq =
g AN An. Define 1g: 1 - Q by 1o =1 Wy Q. Then !QlQ =191y =
W1y C Id, and 19!9q = ¢l 5!V 2 ¢Id and so !9 4 1¢ proving that (Q, Ag, 1)
is an order-internal meet semilattice.

Exactly similarly, by exploiting the distributivity law true of NV, one can
define join semilattice structure on ). The meet and join on @ distribute since
they do for N (and ¢ is an epimorphism). Therefore ¢ : N — @ is a map
in DLat(C). The map f factors via r; and g factors via ry (both through

L (Lv,14,0n) N x L x N) and so ¢f = qg. Say one is given another map N rop

in DLat(C) such that hf = hg. Since h is a distributive lattice homomorphism
it follows that hry = hr, and so there exists a unique map n : Q — P of C
such that ng = h. To complete it must be verified that n is a distributive lattice
homomorphism. But, for example, the outer square of

axq nxn
=

NxN —» QxQ@ PxP
L AN {AYs) Ay
N 4, Q NN P

commutes as h is a meet semilattice homomorphism and so n preserves binary
meet. It follows, similarly, that n is a distributive lattice homomorphism. =
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